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Abstract. We construct infinite dimensional chains that are L1 good for almost sure convergence,
which settles a question raised in this journal [7] and earlier in [6] by R. Nair. In [7] it was stated that the
construction proposed in [4] was invalid. We complete the construction proposed in [4], where it is true
that a piece of proof was forgotten. The technic remains the same and the completion of the proof rather
natural.
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1. Introduction

A chain C is a multiplicative sub-semigroup of the one of positive integers N.
We say a sequence p ¼ ðpkÞ of primes generates the chain C if C ¼ f

QJ
k¼1 p

�k

k :
�k 5 0; J5 1g. A chain is of finite dimension (abbreviated ‘‘an FD chain’’) if
the sequence of primes generating it is finite; else, it is infinite dimensional
(abbreviated ‘‘ID chain’’).

Throughout, ðT; �Þ denotes the reals mod 1 with Lebesgue measure. We shall
say that a chain C is good if, once one orders C ¼ fa1 < a2 < � � �g, it holds that for
any f 2L1ðT; �Þ,
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k

Xk
j¼1

f ðajx mod 1Þ !
ð1

0

fd� for �� a:e: x2T: ð1Þ

Else we say C is a bad chain.
Nair [6, 7] asks twice for the existence of a good ID chain. He proves in [6] that

an FD chain is always good, using the multidimensional ergodic theorem ([1], [3])
for Nd-actions. It is also known ([2], [5]) that taking all the primes generates a bad
ID chain, with counter-examples to almost sure convergence in (1) for some
f 2L1ðT; �Þ.

In [7] one can find on page 342, a few lines after formula [7, (1.3)], the
following (we have adapted the reference numbering):

‘‘In [6] the author raised the question whether the condition in his theorem that
the set p1; . . . ; pd be finite is necessary. This question remains open despite the
invalid construction of a putative such infinite set in [4].’’



A PhD student of the author, Vincent Chaumô��tre, has, following [7], made a
precise rereading of [4], and pointed out to the author the precise spot where [4]
was uncomplete. In fact, the displayed formula between [4, (5)] and [4, (P6)] is
only correct in the FD case, and hence the reduction of [4, (P2)] to [4, (P6)]
is not valid in the ID case. The place where this omission occurs in [4] corresponds
to the part of the paper devoted to show how the result from [6] could be recovered
using Tempelman’s ergodic theorem, giving a simple proof that an FD chain is
good [4, Corollary 1] (cf. [6] for a different approach).

The present note completes the gap, using exactly the same ideas as in [4] to
produce a complete proof of the following:

Theorem 1. There exist good ID chains.

We will present the completed argumentation omitting the ergodic theoretic
preliminaries for which we refer to [4]. Let us mention by the way that the
construction of bad ID chains in [4] is perfectly valid.

2. Good ID Chains!

2.1. Semigroup actions and Tempelman’s conditions. We shall make essential
use of the following abelian semi-group endowed with its counting measure (for a
subset T, #T denotes its cardinality):

l0ðNÞ :¼ fð�iÞi5 1 : �i2N; 9j; i> j ) �i ¼ 0g:

Given an integer q, we identify Nq with a sub-semigroup of Nqþ1 and the later
with one of l0ðNÞ via the following embeddings;

Nq ,! Nqþ1 ,! l0ðNÞ
ð�1; . . . ; �qÞ 7! ð�1; . . . ; �q; 0Þ 7! ð�1; . . . ; �q; 0; 0; . . .Þ:

For an integer p, we define Tp : X ! X by Tpx ¼ px mod 1. It is standard
that the system ðT; �; TpÞ is metrically conjugated to a one sided Bernoulli
shift which is ergodic [3]. It is standard also that Tp � Tq ¼ Tq � Tp ¼ Tpq, whence
given a sequence of integers ðpkÞk5 1, we define an action � of l0ðNÞ on ðT; �; TpÞ
by

�ðð�kÞÞ :¼ �k5 1T
�k
pk
;

where T0
pk

is the identity map. Given any sequence ðTðnÞÞ of subsets of l0ðNÞ, we
will consider the following multiple condition ðPÞ;

ðP1Þ : 0<#TðnÞ<1;
ðP2Þ : 8�2 l0ðNÞ; limn #ððTðnÞ þ �Þ�TðnÞÞ=#TðnÞ ¼ 0;
ðP3Þ : TðnÞ � Tðnþ 1Þ; n5 1;
ðP4Þ : 9K1 <1;8N; limn #ðTðNÞ þ TðnÞÞ=#TðnÞ4K1;
ðP5Þ : 9K2 <1;8n;#ðTðnÞ � TðnÞÞ=#TðnÞ4K2;

8>>>><
>>>>:

ðPÞ

where TðnÞ � TðnÞ :¼ f�2 l0ðNÞ : 9�2TðnÞ; �þ �2TðnÞg.
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Indeed, if ðTðnÞÞ satisfies ðPÞ, by Tempelman’s Ergodic Theorem [3, p. 224],
for any f 2L1ð�Þ, the averages

1

#TðnÞ
X

� 2 TðnÞ
f � �ð�ÞðxÞ ð2Þ

converge �-a.e.. Moreover, the limit in (2) is, following the argument in [3, p. 206],
or [8, Theorem 6.3.1], a �-invariant function, whence Tp-invariant for some p5 2,
whence, by ergodicity of Tp, it is constant and must coincide with the expectation
of f , as is standard.

When (2) holds we say that ðTðnÞÞ is L1 good universal (for l0ðNÞ actions).
We shall see in the next section that for some choice of ðTðnÞÞ averages in (1) and
(2) coincide, therefore the condition ðPÞ will be used to produce a good ID chain.

The same remarks can be stated for Nq-actions.

2.2. Condition ðPÞ for a pairwise coprime generated chain and the FD case.
Let p1 < p2 < � � � be pairwise coprime integers generating the chain C ¼
fa1 < a2 < � � �g. For given q5 1 and n2 ½1;1½, we let

TqðnÞ :¼ fð�1; . . . ; �qÞ2Nq :
Pq

i¼1 �i log pi 4 log ng;
TðnÞ :¼ f� ¼ ð�iÞ2 l0ðNÞ :

P
i5 1 �i log pi4 log ng:

�
ð3Þ

We notice that sequences (1) and (2) coincide for this choice of ðTðnÞÞ ððTqðnÞÞ in
the FD case). For given q5 1, both ðTqðnÞÞ and ðTðnÞÞ satisfy ðP1Þ, ðP3Þ, and
ðP5Þ with K2 ¼ 1, because TðnÞ � TðnÞ � TðnÞ.

Moreover, since TðnÞ � TðNÞ þ TðnÞ (resp. TqðnÞ � TqðNÞ þ TqðnÞ), we have

#ðTðNÞ þ TðnÞÞ4#TðnÞ þ
P

� 2 TðNÞ #ðð� þ TðnÞÞnTðnÞÞ
ðresp: #ðTqðNÞ þ TqðnÞÞ4#TqðnÞ þ

P
� 2 TqðNÞ #ðð� þ TqðnÞÞnTqðnÞÞÞ;

so we see that ðP2Þ implies ðP4Þ with K1 ¼ 1. Hence we deduce

Lemma 1. The sequence ðTðnÞÞ (resp. ðTqðnÞÞ) defined by (3) is L1 good
universal for l0ðNÞ (resp. Nq) actions whenever it satisfies ðP2Þ.

Given � ¼ ð�iÞ2 l0ðNÞ (resp. �2Nq), we have

#ððTðnÞþ�Þ�TðnÞÞ ¼#ðTðnÞnðTðnÞþ�ÞÞþ#ððTðnÞþ�ÞnTðnÞÞ
ðresp:#ððTqðnÞþ�Þ�TqðnÞÞ ¼#ðTqðnÞnðTqðnÞþ�ÞÞþ#ððTqðnÞþ�ÞnTqðnÞÞÞ:

ð4Þ
An elementary computation [5] shows that

#TqðnÞ �
ð log nÞq

q!
Qq

i¼1 log pi
; ð5Þ

where � means that the ratio of its left and right hand sides goes to 1 as n goes to 1.
For any �2Nq; TqðnÞnðTqðnÞ þ �Þ ¼ f�2TqðnÞ : 9i : �i <�ig, so if we set

Bqðn; iÞ ¼ f�2TqðnÞ : �i<�ig and

T ðiÞ
q ðnÞ ¼ fð�1; . . . ; �i�1; �iþ1; . . . ; �qÞ2Nq�1 :

Pq
j¼1;
j 6¼i

�j log pj4 log ng;
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then one observes that

#ðTqðnÞnðTqðnÞ þ �ÞÞ4
Xq
i¼1

#Bqðn; iÞ4
Xq
i¼1

�i#T ðiÞ
q ðnÞ;

whence by (5) we get at once that limn #ðTqðnÞnTqðnÞ þ �ÞÞ
�
#TqðnÞ ¼ 0.

Secondly, we have that

ðTqðnÞþ �ÞnTqðnÞ ¼ f�þ � :
P

i�i logpi4 logn and
P

ið�i þ �iÞ logpi> logng
� f�2Nq : logn<

P
i �i logpi4 log ðn�nð�ÞÞg;

where nð�Þ ¼
Q

i p
�i
i . So since TqðnÞ � Tqðn� nð�ÞÞ, we deduce that

#ððTqðnÞ þ �ÞnTqðnÞÞ
#TqðnÞ

4
#Tqðn� nð�ÞÞ �#TqðnÞ

#TqðnÞ
!n 0 by ð5Þ;

hence with (4), ðP2Þ is satisfied for the Nq case, and as a consequence of our study
of the FD case we obtain

Corollary 1. ([6, Theorem 1]) Any FD chain satisfies ðP2Þ, whence is good.

2.3. The inductive step for constructing a good ID chain. We set for �2 l0ðNÞ
(resp. �2Nq)

@�ðTðnÞÞ ¼ ðTðnÞ þ �Þ�TðnÞ ðresp: @�ðTqðnÞÞ ¼ ðTqðnÞ þ �Þ�TqðnÞÞ:
We know by Lemma 1 that ðP2Þ is enough for an ID coprime generated chain

to be good. And we also know by Corollary 1 that ðP2Þ holds in the FD case. The
idea to reach the ID case is to show that given p1 < � � � < pq, it is possible to
choose pqþ1 > pq such that ‘‘small’’ increase occurs in the quotients ðP2Þ uni-
formly in � belonging to some finite subset hqi of l0ðNÞ, where the increasing
union over q of these subsets cover l0ðNÞ. This is done in the present section and
summarized in Lemma 2 below.

If qðnÞ :¼ maxfq : pq 4 ng, then TðnÞ ¼ TqðnÞðnÞ. Our argumentation shall
strongly rely on this equality, on a careful use of (5) and the second estimate
(cf. [5] where it is proved for the first q primes but carries out also in the case
we need here)

#ððTqðnÞ þ �qqÞnTqðnÞÞ �x!1
log ðpq1 . . . pqqÞ

ðq� 1Þ!
Qq

i¼1 log pi
ð log xÞq�1; ð6Þ

where �qq ¼ ðq; q; . . . ; qÞ.
We assume q> 1 and that p1 < � � � < pq are pairwise coprime. We define

hqi :¼ f� ¼ ð�iÞ2Nq : �i 4 q; 14 i4 qg:
Given arbitrary "q > 0, by ðP2Þ for the FD case (Corollary 1), there exists an Nð"qÞ
such that

x5Nð"qÞ ) 8�2hqi; #@�ðTqðxÞÞ=#TqðxÞ<
"q
2
: ð7Þ

We now let pqþ1 > pq denote an integer coprime to the previous numbers pk, to
be specified later on. We assume that pqþ1 5Nð"qÞ ðNð"qÞ comes in (7)). Then if
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k5 1 and pkqþ1 4 n< pkþ1
qþ1, we have

Tqþ1ðnÞ ¼
Xk
i¼0

ðNq �figÞ \ Tqþ1ðnÞ ða disjoint unionÞ:

Let us put Tqþ1ðn; iÞ :¼ ðNq �figÞ \ Tqþ1ðnÞ; 04 i4 k ¼
h

log n

log pqþ1

i
. Then we

observe that (04 i4 k)

ð�1; . . . ; �q; iÞ2Tqþ1ðn; iÞ , ð�1; . . . ; �qÞ2Tq

�
n

piqþ1

�
;

and moreover if �2hqi � Nq, then �qþ1 ¼ 0, and therefore @�ðTqþ1ðnÞÞ ¼Pk
i¼0 @�ðTqþ1ðn; iÞÞ (disjoint union) where @�ðTqþ1ðn; iÞÞ ¼ ðTqþ1ðn; iÞ þ �Þ

�Tqþ1ðn; iÞ. Then for such �,

ð�1; . . . ; �q; iÞ þ �2@�ðTqþ1ðnÞÞ , ð�1; . . . ; �qÞ þ �2@�

�
Tq

�
n

piqþ1

��
:

We now define ð�4 �0Þ , ð8i; �i 4 �0iÞ. An easy observation is

�4 �0 ) #@�ðTqðnÞÞ4#@�0 ðTqðnÞÞ:
Hence with the above we get

�2hqi¼)
#Tqþ1ðnÞ ¼

Pk
i¼0 #Tq

�
n

pi
qþ1

�
;

#@�ðTqþ1ðnÞÞ4#@�qqðTqþ1ðnÞÞ ¼
Pk

i¼0 #@�qq

�
Tq

�
n

pi
qþ1

��
:

8<
:

Therefore as soon as n; pqþ1 5Nð"qÞ, if k ¼
h

log n

log pqþ1

i
, we have, using (7):

k ¼ 0 ði:e: Nð"qÞ4 n< pqþ1Þ ) Tqþ1ðnÞ ¼ TqðnÞ
) 8�2hqi; #@�ðTqþ1ðnÞÞ=#Tqþ1ðnÞ< "q

2
;

and

k 6¼ 0 ) 8�2hqi;
#@�ðTqþ1ðnÞÞ=#Tqþ1ðnÞ4#@�qqðTqþ1ðnÞÞ=#Tqþ1ðnÞ

4

Pk�1

i¼0
#@�qq

�
Tq

�
n

pi
qþ1

��
Pk�1

i¼0
#Tq

�
n

pi
qþ1

� þ#@�qq

�
Tq

�
n

pk
qþ1

��
=#Tq

�
n

pk�1
qþ1

�

<
"q
2
þ A

�
pqþ1;

n
pk
qþ1

�
;

where Aðpqþ1; xÞ ¼ #@�qqðTqðxÞÞ=Tqðpqþ1xÞ ðx5 1Þ:
Next we can write

Aðpqþ1; xÞ ¼
#ððTqðxÞ þ �qqÞnTqðxÞÞ

#Tqðpqþ1xÞ
þ#ðTqðxÞnðTqðxÞ þ �qqÞÞ

#Tqðpqþ1xÞ
:

We firstly can estimate as in Section 2.2 that

#ðTqðxÞnðTqðxÞ þ �qqÞÞ4 q
Xq
i¼1

#T ðiÞ
q ðxÞ4 q

Xq
i¼1

#T ðiÞ
q ðpqþ1xÞ;
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which makes sure that, using (5), #ðTqðxÞnðTqðxÞ þ �qqÞÞ=#Tqðpqþ1xÞ ! 0 as
pqþ1 ! þ1, uniformly in x5 1.

Secondly, by ð5; 6Þ, there exist two positive constants C1 and C2, depending
only on q, such that uniformly in x5 1 and pqþ1,

#ððTqðxÞ þ �qqÞnTqðxÞÞ4C1 log ðxÞq�1; by ð6Þ
#Tqðpqþ1xÞ5C2 log ðpqþ1xÞq; by ð5Þ

�

whence there exists some positive constant C depending only on p1; . . . ; pq such
that uniformly in x5 1, for any pqþ1,

#ððTqðxÞ þ �qqÞnTqðxÞÞ
#Tqðpqþ1xÞ

4
C

log pqþ1

:

Finally we may select pqþ1 5Nð"qÞ so large that uniformly in x5 1,

Aðpqþ1; xÞ<
1

2
"q:

For such choice of pqþ1, we get that as soon as n5Nð"qÞ, for any �2hqi,
#@�ðTqþ1ðnÞÞ=#Tqþ1ðnÞ<"q; ð8Þ

we have proved:

Lemma 2. Given q> 1, arbitrary coprime p1 < � � � < pq, arbitrary "q > 0,
there exists an integer Nð"qÞ and a pqþ1 5Nð"qÞ which is coprime to the pi’s
ð14 i4 qÞ, such that for any �2hqi, if n5Nð"qÞ, (8) holds.

2.4. The inductive construction of good ID chains. We fix a sequence ð"qÞq5 1

of positive real numbers tending to 0. Next we select arbitrary p1 > 0. Then a
repeated inductive use of Lemma 2 produces a sequence p1 < p2 < p3 < � � � <
pqþ1 < � � � of pairwise coprime integers, and another sequence Nð"1Þ4
Nð"2Þ4 � � � 4Nð"qÞ4 � � � of integers (we can choose them increasing), along
with the corresponding properties in (8).

We then define, for each n, the set TðnÞ as in (3). As before, TðnÞ ¼ TqðnÞðnÞ,
where pqðnÞ 4 n< pqðnÞþ1: then if n> p2 (that is qðnÞ5 2), and q4 qðnÞ � 1,

�2hqi � hqðnÞ � 1i ) #@�ðTqðnÞðnÞÞ=#TqðnÞðnÞ<"qðnÞ�1;

because pqðnÞ exceeds Nð"qðnÞ�1Þ.
Now we fix �2 l0ðNÞ and select q5 2 such that �2hqi. Then if n0 satisfies

qðn0Þ � 15 q, we obtain that for any n5 n0,

#@�ðTðnÞÞ=#TðnÞ ¼ #@�ðTqðnÞðnÞÞ=#TqðnÞðnÞ<"qðnÞ�1;

by our inductive construction using Lemma 2. Since "q ! 0 and qðnÞ ! 1, this
proves ðP2Þ. By Lemma 1, we have proved Theorem 1.
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