NUMBER SYSTEMS AND REPARTITION

Y. Lacroix®) & A. THOMAS

ABSTRACT. Given a number system S = ((0, 1), Ty, (Jn,j)neEj> o we define a measurable map-
i

ping ®s : (0,1)Y — (0,1) such that )\oo(cbgl(A)) = MA), A € B(p,1). A measurable section

(t”('))n>0 is defined for ®g; ¢, (.) has uniform distribution for any n > 0. Conditions relative to

A—a.e. repartition properties of (tn()) are studied. Applications to (a,~)—expansions, Cantor

n>0
products and Continued fractions are given.

0. INTRODUCTION.

N denotes the set of natural numbers, and N* = N\ {0}. In the following, when we consider
sub-intervals of the unit interval, (a,b) stands for one of the intervals |a, b[, [a,b], [a,b], ]a,b].

p—1

For p € N*, we denote by B(g,1)» the Borelian o-algebra of (0,1)?, and A, = ® A, where A is
i=0

the Lebesgue measure on (0,1). Furthermore, let Ao, = ® A be the product measure on B 1.

ieN
Ifue (0,1)N, u=(ug,...,Un,...), and p € N*, let uP) = ((ui7 ... aui+p—1))i>0'
We call a triple ((0,1),T,(Jy)ner) a fibered system if T : (0,1) — (0,1) is measurable,
(Jn)nem, is a partition of (0,1) into intervals with positive length, and Tj;, (restriction) is one
to one (cf [11]).

A sequence of fibered systems S = ((O, 1),T}, (ij) eEv) - is called a Number System, if
n J ‘770
the following conditions hold:

(A) Vj>0, ((0,1),T},(Jnj)ner,) is a fibered system, and Ty = Ido,1);

Vji>1, put C; =Tj_q10---0Tp; let B(ni,...,npy) =

(B) {z, Vi e [1,p], Ci(z) € Jp, ;}. Then if B(ny,...,np,) # 0, assume
B(ni,...,np) = (an,..ny> bny,... .n,) and AX(B(n, ... ,np)) > 0;

(©) { If (n)is1 € [[ B, and for any p>1, B(ni,...,n,) # 0,
then (5, B(ni,... ,np) is a singleton.

If § is a number system, then for any z € (0, 1), there exists a unique (n;(z)) ., € [, £ such
that {x} = N,>1B(n1(x),... ,ny(x)). Conversely, if (n;);>1 € [[;», Fi is such that Np>1 B(ny, ... ,n,) #
0, it defines a unique element z € (0,1) satisfying (n;(z))i>1 = (ni)i>1, given by {z} =
Np>1B(n1,... ,np). The sequence (n;(x));>1 is the digital representation of .
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2 NUMBER SYSTEMS AND REPARTITION

This definition of a number system is not the most general one would expect, since it could
be necessary to delete some subset from (0,1). However, the results that follow still hold if we
do so.

As usual, realizable finite sequences in [[?_, E; (or infinite sequences in Hj:f E;) are defined
by

R,(S) ={(n1,... ,np) € [I'_, E;, B(na,...,n,) # 0},

R(S) = {(ni)1‘21 S H::f Ei, Vp > 1, B(nl,. .. ,’flp) 7& @}

Let S be a number system: with the notations above, let ®s : (0,1)Y — (0,1) be defined as

1)

follows. For u = (ug, ... ,upn,...) € (0,1)N one first defines the sequence (n;);>1: choose n; such
that ug € B(ny). Then inductively, given B(ny, ... ,n.n,), choose n,,4+1 such that
(1 - Um)anl..ﬁm + umbnl...nm S B(nh cee 5 iy, nm+1)- (2)

Condition (C) ensures the existence of a unique = € (0, 1) such that (n;(z));>1 = (n;);>1. Finally,
put ®s(u) = z.
Now define (¢, : (0,1) — (0,1)),,50 by

tm(x) — LT=0ny .. .np(x) m Z 1‘

— )
bnl o (z) TOnq gy (2)

{to(x) == I)”“V')__‘wa where ag =0, by = 1;

One has ®s ((tn(2))n>0) = x. Indeed, with (C), (2) and (3), this follows from

{217 € Jnl(w),la
(1= tm(z)) - Uy (). mm () T t () - bry ()i (z) =T € B(ny(x)...nm1(x)).

Thus, (t,(.)), -, is a measurable section for ®s.

n>0
Remark 0.1. Assume T; =T, j > 1. Then define o(u) = (un+1)n>0, the shift transformation
on (0,1)N. Obviously, the relation ®s oo = T o ®5 holds Ay-a.e. on (0,1)Y if and only if on
Jn,j = Jn = (an,bn), T(z) = §7=2=, n € E = E;. Accordingly, t,(.) =T", n > 0. Note that

for such transformations, \(T~'(B)) = A(B), B € B 1)

The following statement holds: if ®g(u) = z, then for any m > 0

[t — tm(z)| <

)\)(\B(nl o (2)) (4)

(B(m .. nm(x))) ’

where B(0) = (ag, by) = (0,1).

The paper is organized as follows. Part 1 states the main elementary property of ®s (THEO-
REM 1.1.) and uniform distribution of the random variable ¢,(.), n > 0 (PROPOSITION 1.1.).
A criterion for two sequences to be simultaneously completely uniformly distributed (respec-
tively for two such to have same logarithmic p-dimensional discrepancies for all p) is given in
LEMMA 1.1. (respectively LEMMA 1.2.). In Remark 1.1. we apply THEOREM 1.1. to recover
a previous result of [1].

Part 2 gives a sufficient condition for the sequence (tn(.))n>o to be M-a.e. completely uni-
formly distributed (THEOREM 2.1.), and another one for it to have M-a.e. infinite p-dimensional
logarithmic discrepancy, for any p (THEOREM 2.2.). These properties are in fact carried over
from the corresponding ones on (0, 1), using ®s.
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Part 3 gives applications of parts 1 and 2, in the cases of (o, y)-expansions (cf [1]), generalized
Cantor products (cf [7]), and continued fractions (cf [5]). One can find for Engel or Sylvester series
improvements of the previous results concerning uniform distribution of the relevant sequences
(t"(‘))n>0 (cf [11, Chapter 11]). THEOREM 3.1. gives a sufficient condition for the sequence
(tn(.)),,5o to be A-a.e. uniformly distributed; this applies to -expansions (cf [9]) and continued
fractions.

The authors would like to express their gratitude to the referee, Professors F. Schweiger and
R. F. Tichy for valuable remarks and suggestions.

1. PRELIMINARY RESULTS AND DEFINITIONS.
The map &g satisfies
THEOREM 1.1. For any A € B,1), Ao (5" (4)) = A(A).

Proof. Since Gs = {B(n1,...,np), (n1,...,np) € Ry(S), p > 1} is a generating sub-system of
B(o,1) (see (B) and (C)), the above equality holds if it does on elements of Gs. Now observe that
if (n1,...,np) € Ry(S) ((1), (2), (B)),

(I)gl(B(nl, . ’np)) _ (ﬁ B(nl, R 7ni) — an1...ni1> > (O7 1)N

i=1 bnl...ni_l - a”!’Ll...TLi_l

The proof of THEOREM 1.1. follows immediately.

Remark 1.1. Let U denote the set of uniformly distributed sequences in (0,1). In the case

+oo gi(x)

of Cantor series representation (x = ) . ) L ep(x) € {0,...,qr — 1}, Q@ = (qr)k>1 €

(N* \ {1})N ), let &g = &g where S is the number system associated with the Cantor series to
"base” ). Theorem 2 of [1] states that if on subsets of U, we define A\g(A) = A\(Pg(A)) when
®q(A) € Bo,1), and take all possible sequences @, then the only measure consistent with all the
Ag on the corresponding subsets of U is Aso. If we observe (with notations from the proof of

THEOREM 1.1.) that {Qél(gQ), Qe (N*\ {1})N*} generates By, this statement results from
THEOREM 1.1. and the fact that ®¢ is onto.

PROPOSITION 1.1. For any n > 0, the random variable t,(-) has uniform distribution, e.g.
ifd € (0,1), and W, (d) = {z € (0,1), t,(z) € (0,d)}, then A\(W,,(d)) = d.

Proof. Clearly, given (n1,... ,n,) € Ry(S), wehave A (W, (d) N B(n1,... ,np)) = dA(B(ni,... ,np))
(1), (3)). With

AWn(d) = Z AWn(d) N B(ny, ... ,np)),
(n1,...,np)ER(S)

and

(n1;...,np) ER(S)

the proof of PROPOSITION 1.1. follows.
Let us now introduce definitions for linear and logarithmic discrepancies associated to a se-
quence u € (0, 1)N (cf [6]).
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DEFINITION1.1. Let u € (0,1)N, p > 1. Let P, = {(a1,b1) X ... X (ap,bp), 0 < a; < b; <
1, 1 <i < p} be the set of p-cubes in (0,1)P. Let N € N* and P € P,; then define

E,(u,N,P) =#{i < N, ¥’ € P} — \,(P) - N,

Dp(qu) = SupPE'P,) ‘Ep(ua Na P)| )

Dp(u) = limsupy_ ;. +Dp(u,N).
D, (u) is called the p-dimensional discrepancy (or linear discrepancy) of u.

DEFINITION 1.2. With the same notations as in the above definition, let
Dj(u) = lim sup WD”(U’ N).

Dﬁ(u) is called the p-dimensional logarithmic discrepancy of u.
DEFINITION 1.3. A sequence u € (0,1)N is completely uniformly distributed (abbreviate
c.u.d.) if for any p > 1, Dpy(u) = 0.

Here are the criterions announced in the Introduction about discrepancies:
LEMMA 1.1. Let u,v € (0,1)N. If & 3. _ v [ui — vi| — N—00 0, then for all p > 1

(Dp(u) = 0) < (Dp(v) = 0).

Proof. Using the Weyl criterion (see [6]), it is enough to prove for any h € Z?, h # (0,...,0),

that if
N

2ir<h, (p)
§ :6 i <h,u > N oo 0,

j=1

lim —
N—+oco N

the limit relation still holds when w is replaced by wv.
But for any p > 1, there exists a constant C}, > 0 such that for any h € ZP and j > 1
Jj+p—1

; (p) ; (p)
62271'<h,uj > 6217r<h,vj > < Cp- max |ht| . E ‘Uk _Uk‘
1<t<p Py
=J

The result then follows immediately, and the proof of LEMMA 1.1. is complete.
LEMMA 1.2. Let u,v € (0,1)N be such that |[u, — vy| = O(e=™"). Then for all p > 1,
0Nl
D, (u) = Dy(v).
Proof. Take notations from DEFINITION 1.1.. Let P € P, and N € N*; then {i < N, u\" €
P} c{i<VlogN}U{VlogN <i< N, ul(-p) € P}. By the hypothesis, there exists C' > 0 such

that |u; —v;| < Ce=",ieN. Ifi > /Iog N, then e~% < +, and if ul(-p) € P=11"_,(ai,b;), then
vgp) e P =TI (a; — £.b; + ). Thus we have
#{i < N, ul" € P} <14 /logN + #{i < N, o" € P'}.
One can find a constant K > 0 such that for N large enough, N|A(P') — A(P)| < K. Therefore
there exists a constant F, > 0 such that
Ep(u, N, P) < Ey(v, N, P') +Fp\/@§ Dp(UvN)"‘Fp\/lOgiN-

Thus Dy(u, N) < D,(v, N) + F,+/log N. Since the problem is symmetrical in sequences u and v,
we have obtained for NV large enough,

|Dp(u, N) — Dp(v,N)| < Fpy/log N.
The proof of LEMMA 1.2. follows immediately.
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2. A-a.e. DISTRIBUTION OF (1,(.))

n>0"

THEOREM 2.1. Assume
N
nla"' 7ni+1(x)))
= oo =1.
{ Ng B, @) N

Then A-a.e. the sequence (t(z))

is completely uniformly distributed.

Proof. Let

. — . . A(B(ni,...,niy1(x .
These sets belong to By 1). Since u € @' () implies |u; — t;(z)| < E\(é(:h,m ,nt,(la(:)))))) (see (4)), it

follows from LEMMA 1.1. that for any p > 1, Dy ((t,,(2))n>0) = Dp(u) when € Q(S). Thence

St (9(3) ﬂQ*(S)) = 051 (28)) (fu € (0,1, wis cud.}.
5 (Q(S)) has Aog-measure 1 by THEOREM 1.1., and @' (2(S) N 2*(S)) has the same measure
as Q(S) N Q2*(S). The proof of THEOREM 2.1. follows.
Remark 2.1. For Cantor series, the above criterion is hypothesis (H) in [10].

THEOREM 2.2. Assume

)\(B(Tlh ,nz(z))) _ 6712 . B
/\{% AB(ny, ... ymim1 =0O( )s 21}—1.

Then M-a.e., Dﬁ((tn(z)) = +o0, for any p > 1.

nZO)

Proof. Tt is known (cf [6]) that for Ao almost all sequences u € (0,1)N, and for all p € N,
Dﬁ(u) = 4o00. The proof of THEOREM 2.2. runs along the same lines as the proof of the
preceding theorem (using LEMMA 1.2. instead of LEMMA 1.1.) and is thus omitted.

3. APPLICATIONS.

3-1. (a,7)-EXPANSIONS.

(a,y)-expansions (cf [2]) are number systems S(a.,y) = (10,1}, T}, (Jnj)nen-) ;5 defined as
follows: for any j > 1, let cj : N* —]0, 1] be strictly decreasing, a;(1) = 1, and lim,, o0 a;(n) =
0. Let y; : N* — IRT be such that v;(n) > a;(n) — a;(n +1). Then let J, ; =]a;(n + 1), a;(n)],
n € N*, and define T;(z) = %(Z;rl) on Jp ;.

A necessary and sufficient condition for S(a, v) to satisfy condition (C) is that for any (k;);>1 €

R(S(0,7))s Tim—soo (TS 74(k2) ) (n(n) = (i +1)) = 0 (cf [2]).
Cylinders are given by the following formula (cf [3])

Bk, ... k) =

P p—1
Z i(k; +1) H’ym m) Zajk—i—l va )+ ap( p)H'ym(k )
j=1 m=1
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If (k;)i>1 € R(S(a,7)), then necessarily, for any ¢ > 1,

i(ki) —ai(k; +1
a¢+1(ki+1+1)<a( ) = ok + )

Yi(ki)

j—1
The associated expansion is the infinite series representation z = Z aj(k; +1) H ~i(k;). One

j>1 i=1

obtains
AB(k1, - - - kpy1)) _ Vo (kp) (apr1(kpt1) — aps1(kpy1 +1))
A B(ki, ... s kp)) ap(kp) — ap(ky +1)

For Engel series, a;(n) = +, v;(n) = n%ﬂ Let S(E) be the associated number system.

Conditions on the digits are k;11 > k;, and since {z, lim,_ 4 kn(z) < +00} = QNJ0, 1], from
%W < é it follows that the criterion of THEOREM 2.1. applies. The corresponding
result strengthens the one from [11, Chapter 11], since t,(x) = ky(z)T™(z) for S(E) and T =
T, > 1.

For Sylvester series, let S(.S) be the number system associated to the choice a;(n) = %7 v;(n) =

1. Conditions on the digits are k;+1 > k;j(k;+1). On the other hand, %’W < é Since

k1 > 2, and kjq1 > k:?, it follows that the criterion of THEOREM 2.2. applies and strengthens
the corresponding result of [11, Chapter 11] (here one has k,(x)(k,(x) + 1)T"(x) = t,(z)).
For Liiroth series associated to the number system S(L) determined by the choice a;j(n) = 2

N . AB(ki,... kpsr () , v
no conditions on the digits hold, and /\(B(}ﬁ’_“ ,k:)l(x)) doesn’t tend to zero

and v;(n) = m,
on a set of full measure, nor does it’s Cesaro mean. However, it can be seen that (¢, (), tn+1(z)) €
]3,1]x [0, [ never occurs, thus the sequence (¢,,(z)), ., isnot c.u.d.. Notice that here, t,,(.) = 7™,
where T := T}, j > 1, and Remark 0.1. applies.

For (o, v)-expansions, though in [11, Chapter 11] is used a result from [4] that states A(W,,(d)) =
d+ O(%n), in our setting, this appears to be exact for Liiroth, Engel, and Sylvester series, since
(tn(.))n>1 is uniformly distributed (PROPOSITION 1.1.).

Proofs given in [11, Chapter 11], concerning uniform distribution of the relevant sequences,
rely on a more general result from [8] (slightly modified in [11, Chapter 11]) which is used in the
following form:

THEOREM. P. S. (W. Philipp, F. Schweiger). Assume there exists a convergent series of
positive real numbers, Zk21 Br < +00, such that for given d €)0,1] and n, m € N*, the following
inequality holds;

n>1

/\(Wn(d) N Wn—'rm(d)) S
AWn (d)A Wi im(d) + AWa(d)) + AWt (d) B + A(Wnm (d)) B

Then the sequence (t,(.)) is A-a.e. uniformly distributed.

n>1

We now give a criterion for that THEOREM P. S. may be applied:
THEOREM 3.1. Assume there exists some constant ¢ > 1 and a k € N* such that such that

o ABMa, - k(@) 1)
A{x’ P EN S B (@) q} -

Then the sequence (ty(.)) is A-a.e. uniformly distributed.

n>1
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Remark 3.1. THEOREM 3.1. holds for Cantor series and for many [3-expansions (cf [9]). Notice
that it holds for Liiroth series too, and since A is invariant for the associated transformation,
proves the ergodicity of the system.

Proof of THEOREM 38.1. With hypothesis of THEOREM 3.1., and THEOREM. P. S.) it is
sufficient to show that for any d € (0,1)

AW (d) O Wiy (d)) < d® + %

qk

Inside B(ni,...,ny), for p > N, let B(n1,... ,nptm(d)) be the cylinder of rank p + m such
that an,..n,(1—d)+dbp,..n, € B(ni...npym(d)) (see (B)). Put d(ny...np) = an,..n,(1—d)+
dbp, ...n,,-

Next define

Rp+m(8,n1, e ,np,d) =
{(np+1, e ,Tlp+m) /(’I’L17 .. .Tlp+m) S Rp+m(5), bnl___np+m < d(?’ll .. Tlp)}

One can write the following:

AWp(d) N Wiim(d)) = Z AWp(d) N Wpim(d) N B(na ... np))
(n1..np)ERR(S)

- > 3 ANB(n1 ... psm))

(n1..np)ERL(S) (Npt1--Nptm)ERpsm (5,7“7“_ m}ﬂ,}/)

+ D AW N Wosm(d) N B - 1y ().
(n1...np)ERL(S)

@+ ) d'( A(B(n1 ...ny)) )'*(B("L--np))

(n1...np)ERL(S)

<d+d- L
qF

since the hypothesis implies %ﬁ*g) < —%. The proof of THEOREM 3.1. follows.
.

3-2. GENERALIZED CANTOR PRODUCTS.

Let £ € N*. In [7] the following number system is studied (call it S(C,k)). Let J,; =
[#Eil, il and on Jy, ;= Jp, let T; =T be defined by T'(z) = z - (”TH’“) This is associated to
the infinite product expansion z =[], %7 where ri(z) = r if T(2) € J;, (2)-

Conditions on the digits are r;11 > 72 + (r; — 1)(k — 1), and (r;(z) = 1, i > 0) = (z = 0).
In [7], the sequence (tn(.))n>0 is shown to be A-a.e. c.u.d.. However, since 7,41 > rZ, and

W < %, the conditions of THEOREM 2.2. and 2.1. are fulfilled, and the result

follows.
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3-3. CONTINUED FRACTIONS.
Let [y] denote the integer part of the real number y. Let S(C

F) be the system determined
by the following choices; Tj(z) = T(z) = 1 — [1] if z # 0, T( ) =0, and J, ]n+1, 1], This is
(w

associated to the continued fraction expansion z = [0,a; ... ..] (we take notations from [5]).

: . At _ [ pPn PntPn—1 _ [ PntPn—1 pn
Cylinders of rank n are the sets B(ay ...a,) = (q" ety ) r Blay...a,) = (7%_‘_%71 , qn>
depending on the parity of n. One can compute that

ntqn— T"x —
ty () = Ut T02 -y = ((2)

n(1=T"x _

Using ergodicity of the transformation T" with respect to it’s invariant measure p, determined
by it’s density du = ﬁ, one can show that the criterion of THEOREM 2.1. fails since
the set involved has measure 0. However, THEOREM 3.1. may be applied to obtain uniform

distribution since % < L (cf [5, p. 58-59]).

As in the case of Liiroth series, one can directly prove that the sequence (tn(m)) is never

n>0
cuwd., since the event (ty, (), tnt1(2), tnt2(2)) €]5, 3[* never occurs: indeed, with formulas from

[5, p. 59], one obtains (n odd and t,,(x) €], 3[) = (tn+1(z) > 3).

PROBLEMS. Is there a number system S for which criterion of THEOREM 2.1. fails, though

the sequence (t"('))n>o is Ad-a.e. cud.?
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