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Abstract
Given positive integers (or co) r > 2 and m > 1, we construct an ergodic
automorphism T with rank r and #ﬁ?em = m. Moreover, wcl{T";n € Z}

is uncountable.
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1 Introduction.

Let (X, B, u, T) be an ergodic dynamical system and let C'(T") be the metric centralizer of
T. The Weak Closure Theorem [Kinl] asserts that C(T") = wel{T™,n € Z}, whenever

r(T) = 1, where 7(T) is the rank of T. The natural question of the existence of a
relationship between r(T") and the cardinality ¢(T") of the quoutient group %
in the general case arises.

In [BuKwSi] a class A of group extensions of rank one transformations is defined
such that ¢(T) > r(T) for T € A. Moreover, the difference q(T') — r(T) takes arbitrarily
large positive values and an uncountable wcl{T™,n € Z} can be obtained. The reverse
inequality ¢(T) < r(T') holds for T' € M (the mixing automorphisms, [Kin2]|) and
for T € B, where B is the class of automorphisms defined in [ChKaMFRa]. More
precisely, if T € B then ¢(T) = 2 and r(T) can be arbitrarily large [BuKwSi]. Each
automorphism T € B has a discrete part in its spectrum (from this point of view
the classes M and B are far from each other). However for T € B or T € M the
powers {T™,n € Z} of T form an isolated set in C(T"). Therefore in both cases one
has wel{T™,n € Z} = {T™,n € Z}. So it still remains interesting to find examples
of automorphisms T such that ¢(T) < »(T), r(T) — q(T) is arbitrarily large and
wel{T™,n € Z} is uncountable.

In this paper we obtain stronger results. We construct a class of ergodic automor-
phisms T such that wcl{T",n € Z} is uncountable, and r(T') = r, ¢(T) = m for
arbitrary 2 < r < oo and 1 < m < oo, (r,m) # (0c0,00). Our examples lie in the class
of group extensions determined by r-Toeplitz sequences. The investigation of ergodicity
and the metric centralizer relies on Newton’s functional equation [New] and is carried
out partially on a metric group extension representation of the system. Investigating the
rank (and partly the centralizer too) we use a shift representation of those extensions.

2 Preliminaries.

2.1 Notations and definitions.

Let (X, B, u) be a Lebesgue space and T’ a measure-preserving invertible ergodic trans-
formation of (X, B, u). By the centralizer (metric) of T' we mean the set of all measure-
preserving automorphisms of (X, B, ) which commute with 7" and we denote it by C(T').
Then C(T) is a topological group with the standard composition of the transformations
and with a topology (called the weak topology) defined as follows: {S,}nenw € C(T)
converges to S € C(T) if for every A € B

((SpANSA) — 0.

We shall indicate this convergence by S, — S.

With this topology, C(T) is metric, complete. By wcl{T",n € Z} we mean the
weak closure of the powers of T in C(T'). We say that a sequence of sets Ay,..., Ay € B
is a T-tower if these sets are pairwise disjoint and TA; = A;11,i=1,...,k — 1.

An e-partition of X is a finite collection of measurable disjoint sets which covers X
up to € in measure. The rank of a dynamical system (X, B, u, T') is the smallest positive
integer r = r(T') such that there exists a sequence (P, ), each P,, an e,-partition, &, | 0,
such that P, (as a set) is a union of r T-towers. If such a positive integer does not exist
then we say that r(T) = co.

Suppose now that G is a compact metric abelian group and ¢ : X — G is a
measurable function which we will call a cocycle. The G-extension of (X, B, u,T) given
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by the cocycle ¢ is the dynamical system X, = (X x G, B x Bg,u x v,T,,), where Bg
is the Borel o-algebra in G, v is the normalized Haar measure on G and

Ty(z,9) = (Tz, 9+ ¢(z))

for x € X, g € G. Tt is well known [Par] that for ergodic (X, B, u,T)

Theorem A T, is ergodic iff the functional equation

f(T)
/()

has no measurable solutions f : X — K for any nontrivial character v of G (K is the
unit complex circle).

(1)

=(p(2))

It is known (see [New] for the definition) that if (X,B,u,T) is a canonical factor
of T, (for example if T' is with discrete spectrum) then, assuming that T, is ergodic,
C(T,) is given by the triples (S, f,7), where S € C(T), f: X — G is measurable and
T is a group automorphism of G such that

(2) f(Tz) = f(z) = o(Sx) = 7(p(2))-
This means that every element R € C(T,) is of a form
(3) R(z,g) = (Sz,7(g9) + f(2)).

In such a case we write R ~ (S, f,7). The following property is proved in [LeLi] and
[LeLiTh], using Theorem A.

Theorem B If R,,R € C(T,) and R, ~ (Sn, fn,id), R ~ (S, f,id) then R, — R iff
S, — S and f, — [ in measure u.

Let 0, : X X G — X x G be given by the formula
(4) ou(r,9) = (x,9+a), a€G.

Then o, € C(T,), o4 ~ (id,a,id). For every integer n, (T,)" is given by the formula

(5) (To)™(w,9) = (T"x, 9 + ™ (x)),
where

n () + ...+ (T 12), iftn>0
(6) 4‘0( )(x) - { f<,0(T’1ac) 7?. —e(Trz), ifn<0

Then it follows from Theorem B that

Corollary 1 (T,)™ — o, in C(T,) iff T™ — id in C(T) and ¢\"*) — a in measure.

2.2 Sequences and blocks.

A finite sequence B = (BJ[0],...,B[k —1]),B[i] € G,0 < i < k— 1,k > 1, is called
a block over G. The number k is called the length of B and is denoted by |B|. If
C = (C[0],...,C[n — 1]) is another block then the concatenation of B and C is the
block

BC = (B[0],..., B[k - 1],C[0],...,Cn —1]).
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Inductively we define the concatenation of an arbitrary number of blocks. By B, g € G,
we will denote the block

B, = (B[0]+g,...,Blk—1]+9)
and by Bli,s] (0 <i < s <k—1) the block
Bli,s] = (Bl .., Bls)).
Assume that
B=DB(0)...B(r—1)

is a concatenation of r blocks B(0),..., B(r — 1) having the same lengths and
C=C[0]...Clrm —1]

for some m > 1. We define the product B % C of B and C as follows:

(7) BxC=

BC[O] (O)---BC[rfl] (’I“ - 1)BC[T] (0)...30[27‘,1] (7“ - 1)BC[r(m71)] (0)---BC[rm71] (T‘ - 1).

Then
Bl _
r

|B X Cl= |B(%)|rm, for every i =0,...,7r — 1.

Let Q by the space of all bi-infinite sequences over G. If w € © or w is a one-
sided infinite sequence over G then w[i, s], i < s, denotes the block (w[i],...,w[s]). A
block B is said to occur at place i in w (resp. in a block C, |C| = n, if |B] < n) if
wli,i+ |B| — 1] = B (resp. C[i,i+ |B| — 1] = B). The frequencies of B in C or w are
the numbers

fr(B,C) =|C|7'#{0 <i < |C| —|B|; B occurs at place i in C},

fr(B,w) = lim fr(B,w[0,s—1]),

§—00

if this limit exists.

For an infinite subsequence of w, E = {w[n],n € I C Z} (resp. E = {w[n|,n eI C
IN}), we call the density of E the density of the set I in Z (resp. in INV), whenever it
exists. Let 6 > 0. We say that B d-occurs at place i in C (resp. in w) if

d(B,Cli,i+|B| —1]) <4 (resp. d(B,wli,i+ |B] —1]) < ),

where
d(<$17 oo ,{En), (y17 R 7yn)) = n_l#{l7 Zq 7é yz}

(d is called the normalized Hamming distance or d-bar distance between sequences). We
will say also that B §-occurs on the fragment w(i,i + |B| — 1] of w.
We will use the following elementary properties of the distance d;

(8) d(B x C,B x D) =d(C, D) (see (7)),

(9) d(Bga Og) - d(B, C)v
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| A4
10 d(A1As, B1By) = —————d(A,, B
(10) (A1 Az, B1By) |A1|+\A2|(1’ 1)+
Where |A1| = ‘Bl|; |A2‘ = |Bg|
If Dy C D (Dy is a subblock of D) and Cy C C, |Dy| = |C4], both appearing in the
corresponding same positions, then

|Aa|

——=——d(As, Bs),
|A1| + | A2 (42, B2)

| D |

(11) d(D,C) > Wd(DuCJ-

1 S
12 d(A1 Ay .. Ay BBy ... B) = =S d(A;, B;
(12) (A1 Ay s» B1Ba ) 8; ( )
i [Ay] = [As| = ... = |Ay| = [By| = ... = |Bi|.

By T, we denote the left shift homeomorphism of Q. If w € Q then O(w) denotes
the T,-orbit of w and €2, the T,-orbit closure of w in 2. The T -orbit closure €2, is
well-defined if w is a one-sided sequence. Namely, we first let > ¢ G be an additional
symbol. Then we let w® denote the bi -infinite sequence which agrees with w at positive
coordinates and has only squares appearing at the negative ones. Then we say that
a bi-infinite y belongs to €, if there exists n, — 400 such that 77w — y in  (the
convergence is for all coordinates of y, and the limiting element y does not contain any
more squares). The topological flow (€, T;,) is called minimal if there is no non -trivial
closed and T,-invariant subset of €2,,. We say that (€, T, ) is uniquely ergodic if there
is a unique borelian normalized T,-invariant measure p,, on Q. Then (€, 7T, ) is said
to be strictly ergodic if it is minimal and uniquely ergodic. Suppose (Q,,, T, ) is strictly
ergodic. The unique T,-invariant measure p,, is determined by the condition

tw(B) = fr(B,w)

for each block B. In this case the definition of the rank can be expressed as follows.

We say that (2,75, i) is of rank at most r if for any § > 0 and every n, there
exist r blocks Bi,..., By, |B;| > n, such that for all N large enough, for any s € IN,
the fragment w[s, s + N — 1] has a form

wl[s,s+ N —1] = ey WieaWs ... et Wiepy1,

where |e1|+ ...+ |ek| + |ex+1] < IN and the distance d between W) and some B,,, j =
1,...,k, 1 <m <, is less than 6. The system (€, T, ite,) is of rank 7 if it is of rank
at most 7 and not of rank at most r» — 1.

2.3 Adding machines and r-Toeplitz cocycles.

Now, let T': (X, B, 1) — (X, B, ) be a {p:}-adic adding machine i.e.

Pt+1 = )‘t+1pt7 AO = Po, )\t 2 2 for ¢ Z 07

oo
X = {SUZZQWH; 0<q¢<\—-1, p.1=1}
=0

is the group of {p, }-adic integers and Tz = x + 1, where

1=140p +0ps+...
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The space X has a standard sequence {&; }1>o of T-towers. Namely

&= (Dk,...,D: ),

pt—1
where
Di={x e X;q=...=q =0}, D' =T%(D{)
pt—1
fors=1,...,ps — 1. We have X = U D!. Then &1 refines & and the sequence of
i=0

partitions {&; }+>o converges to the point partition.
We will define a special class of cocycles ¢ : X — G that are determined by Toeplitz
sequences over G.
Let r > 2 be an integer, and assume that b°,b!,... are finite blocks over G with
[b'] = \er, A¢ > 2, such that bf[0,7 — 1] = (0,...,0). We shall introduce a particular
——

r—times
sequence (p;), and some new blocks (B?).
We can write
(13) bt =0'(0)...b (r — 1), |b'(i)| =N, i=0,...,7— 1.

Define another sequence of blocks { B!} letting
(14) B =10, B+ =B x bt t>0.

Then we have
(15) |Bt‘ = TMy = D¢, mt:Ao...At

and we can represent B! as

(16) B! = Bt(O) . ..Bt(r - 1), \Bt(z)| =my, t=0,...,r—1.
Moreover
(17) BU1[0,p, — 1] = B.

Now we can define a cocycle ¢ by
(18) o(z) = B'[i + 1] — B]i]

if z € D! except of i =m; —1,2m; —1,...,p; — 1. Let us observe that ¢ is well defined.
Such a cocycle is called r-Toeplitz cocycle. For every ¢t > 0, ¢ is constant on the levels
of & except of r levels.

The sequence {B'};>( determines a one-sided sequence w as follows:

(19) wl0,p; —1] =B, t=0,1,....

The condition (17) guarantees that w is well defined.
It is not hard to show that the condition

(20) fr(g,b") > p>0  (if G is finite)

for every g € G and t = 0,1...., implies that the system (Q,7T,) is strictly ergodic.
Then using (19), (20), and arguments as in [Lem|, we deduce that the dynamical systems
(Quw, T, ) and (X x G, T, u x v) are metricaly isomorphic when Ty, is ergodic.
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The group extensions defined by r-Toeplitz cocycles shall be called r-Toeplitz exten-
sions.
In the sequel we will write

T s s
w=b xb x b x....

Except of w we need the sequences w;, t > 0, defined by

T

(21) we=bt x o %L

3 Examples of r-Toeplitz extensions.

In this part, given » > 2 and m > 1, we define r-Toeplitz group extensions having
cardinality of the quotient group C(T,)/wcl{T};n € Z} equal to m.

3.1 The case r > 2, m > 2.
Let G =Z/mZ = {0,...,m — 1}. Define

r(2012-1) r
F=100...00...01 0...0,7=0,...,r—1;
i+1

HO = FOFY L FY .
We have |H®| = mr2+2. Next define

b0y =HOH®  HO
S—_—

xro—times

b'(1)=HOYHD  gW
—_— —

x1—times

bir—1)=H"Ygt-Y gr-D

T,._1—times

where
=201 o< <r—1,

and
bt =b'0)...0 (r — 1), t>0.

Then we have
e = [bE(i)] = mr2tTT fori =0,...,r —1 (see (13))

and
2gt+r+1

|b'| = mr
Now define the blocks Bf, ¢ > 0, by (14) and the cocycle ¢ by (18). Then from (15)

pr = |Bf| = mitlp2rtiottt 1) ¢ > 0.
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3.2 Thecaser>2 m=1.
Let G=Z/nZ ={0,...,n—1}, n > 4. Then define

3r T

. —
F® =00...00... 0,

10...
~—

i+1
HD = FVFY Y

n—1»
and ‘ A A
by =HOHEY  HO =2t
—_—
x—times

Next set
bt =b'0)...b"(r — 1),

Bt =t X bt x ... xbt, >0
and define ¢ by (18). In this case we have

e =22 =o' (3)|, |b| = r*n2t2 fori=0,1...,7 — 1 and t > 0.

3.3 Ergodicity and the metric centralizer.

Theorem 1 T, is ergodic.

Proof. We will prove ergodicity of T, in both cases 3.1 and 3.2. Assume that there
exists a measurable function f: X — K satisfying (1). Then (see (5), (6))

f(T"z)
f(=)

(22) — (e ())

for p-a.e. x € X and every n € Z.
In particular (22) holds for n = p;, t = 0,1.... The measurability of f and the fact
that & — ¢ (the partition into points) in X imply

(23) (P (z)) =1

except of a subset of measure ¢; and ¢, — 0.
Let x € D;H, 0 <7 < pi+1 — 1. We can represent j as

(24) i = upy + vmy + p,

where 0 <u< Ay —1, 0<ov<r—1, 0<p<my—1(see (15)).
It follows from (18) (with ¢ := ¢+ 1) that

(25) () = BHj + pi] - BHj)

except j for which u = u; = % -1,...,u=u, = %—1:)\—1,)\:/\t+1. At the same
time we have

B™[j] = blur +v] + Bt (v)[p], b=0b"" (see (14), (16)).
Then (25) can be rewritten as

(26) ©P)(z) = b[(u+ 1)r + 0] — blur +v],  w#uL,...,u.
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The last equality and (23) imply that
(27) Y(clg]) =1, (g=ur+v)

forge V; C{0,1,...,7r 41 — 1} Ti‘i"l >1—e — )\fj, where ¢ = ¢t is given by

clg) :=blg+7r]=0blgl, ¢=0,....,7A—r—1.

Further the blocks ¢ = ¢! have the following forms:

(mxo—1)—times (mz1—1)—times (mxy,_1—1)—times
—_—
(28) c= EO O O p® g0 O pr-b g1
where
2r r r

(0) 0
E®=0...010...001...1, |L° ="

67 T T
(1) —~ NN 1
EM =0..0010...0101...1, |L'] =",

@ tt_2yr r
(r—1) _ —~ N~ — (r—2)| _
ECrY = 0..0 0...011...10, |[LU"?| =,

in the case 3.1. In the case 3.2 we have

(nx—1)—times (nzx—1)—times (nx—1)—times
———
(29) c=E® EOLOp® p®OLO  pr-b  pr-b
where
2r r T

Yt N
E® =0...010...001...1, |L° =",
2r T T

) NN 1
EM =0...0010...0101...1, |L'] =",

27 r T
(r—1) NN (r—2)
E =0...00...011...10, |L | =1

In both cases 1 appears in ¢ with frequency > m% for each t > 0. Then (27) implies
(1) =1 so v is trivial. We have proved that T, is ergodic. W

3.4 The centralizer of T,,.

The p;-adic adding machine (X, B, u,T) is a canonical factor of the group extension
(X x G,B x Bg,pu x v,T,). Then C(T,) is described in 2.1. We can distinguish the
following subgroups of C(T,,) :

Cr =wc{Ty;n € Z}

ng{oaog; Sec, and a € G},
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Cs={R~ (S, [, 7); 7 =id}.
Of course C1, Csy, C3 are closed subgroups of C(T,,) and
CiCcCyC Cg C C(TS@)

We prove in Lemmas 1 and 2 that C(T,,) reduces to Co when ¢ is the r-Toeplitz
cocycle defined in 3.1 or in 3.2.

In the sequel n means the same n as the one defined in 3.2 if this case is considered,
and n := m if the case 3.1 is considered.

Lemma 1 C(T,) = Cs.

Proof. Take R asin (3). Then the triple (S, f, 7) satisfies (2). Puttingz := Tx,..., T?P* 1z
in (2) and summing we obtain

(30) F(TPa) = f(a) = o) (Sz) — (P (2))

for p-a.e. x € X and each ¢ > 0. Using the same arguments as in the proof of Theorem
1 we get from (30)
(31) e (Sz) = (") (2)) = 0

for x € Xy and p(X;) — 1.
Further we know [New] that there exists go € X such that

Sx)=z4+g0, € X.

Let

oo
go= wpe-1, O0<u <A —1 ¢t>Tand0<ug<Aor— 1.
t=0

¢
Fix ¢ and consider (31) on the tower &.;. Let j; = Zujpj_l. Then (see (24))
3=0

Je = vomy¢ + po,  Je41 = UoPs + VoM + Po, U = Ugy1.

Ifz e D§+1,. 0 <j <pey1 — 1, then Sz € D;i;t“, where j + ji+1 is taken mod
Pr4+1. We can write

j+jt+1:ﬂpt+17mt+ﬁ, OS{LS)\*l,OST)ST*l,OSﬁSmtfl
Let us denote (use (24) for j)

uoT + Vo if p=0,...,my—pg—1,
qo = : _
ugr +vo+1 if p=my—po,...,my—1,

and ¢ =ur +v, g=uar+ 0. Then § = ¢+ ¢o (mod rAsy1). Thus (26) and (31) give
(32) clag+q]=7(clg]) if ge V; C{0,1,...,7 41 — 1}

and /\flﬁ#Vt — 1. Analysing the sequences (28) and (29) it is easy to observe that

they do not satisfy (32) with any go whenever 7 # id (i.e. 7(1) # 1). The Lemma is
proved. M
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Lemma 2 C(T,) = Cs.
Proof. Let R ~ (S, f,id) € Cs. Then (32) means
clg + g0l = clgl, g € Vi.
The last condition implies
(33) qo(t) = go = 2" rmw, w = wy,

in the case 3.1 and
(34) qo(t) = qo = drnw, w = wy,

in the case 3.2, where 0 < w < 7201 — 1 (see again (28) and (29)). Moreover

min(%(t) 1 QO(t))_>0.

Aty At+1
The above condition implies
min(2t,1 - 24y — 0.
Pt Y43

Assume that 7—2 — 0 along some subsequence of ¢. It follows from the definition of
the p;-adic adding machine that .
(35) Tt — 8.

Now we will prove that there exists a € G such that
(36) o) — fya

in measure .
The function f satisfies the condition (see (2) with 7 = id)

f(Tx) = f(z) = o(Sz) — ¢().

The measurability of f and § —— ¢ imply that there exists a; € G such that the
functions f; defined by

(37) fiy) = ar + ¢ (Sz) — ¢ (2), y € D, y=T'z, x € D,

i=0,...,pt — 1,

satisfy the condition
ft — f in measure pu.

We can assume that a; = b. We can rewrite (37) as

Fily) = b+ @(Sz) = ) (TPw) + o (TV2) — o1 (2).
Further we have (see (6))
(38) P (T7x) — o1 (2) = PV (T'x) — U ().

Because of j; < m; then ¢Ut)(x) = b, for all z € DY. Assuming again b, = b; we can
write (38) as o . ‘
O (T7ra) — o0 (2) = U (y) — by
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and (37) as
(39) Foly) = ba + U9 (y) + D (Sz) — O (TIez).

Assume that
reDIFL 0<u< Ny — 1

upt ?

Then
t t+1 t+
Titg e Dup i, and Sz € D(uﬂm)ptﬂt
where ug = 9.
For 4 Spt—jt—l, i =ovmy + p and u # uq,...,u, we have
@(i)(Tj‘x) = B Yupy + ji +i] — B upy + j¢] = b ur + o] — 07 ur]
and .
@ (Sz) = B [(u+ uo)pe + ji + i) — B [(u+ uo)pe + ji]
= 0" [(u 4 uo)r +v] — b [(u 4 uo)r]
Thus

0 (Sz) — o (T x) = (blg + qo] — bla]) — (blur + qo] — blur]), q=ur+v.

Then (33) and (34) imply ' o
(40) @D (Sz) — D (TIz) =0
except of a set of measure < T + J‘ .
Now (39) and (40) imply (36) Wlth a = —by. Notice that (35) and (36) and Theorem

B imply _
Té" — Roo,.

This proves the Lemma. H

To prove that #% = m in case 3.1 it is sufficient to show that o, ¢ C;

whenever a € Z,,,, a # 0. In the case 3.2 we will prove that o, € Cy for every a € Z,
what implies
C(T,)

el g,
wel{Ty;n € Z}

i

To do this we need estimations of the d-distance between blocks occurring in w and
W, t> 0.

3.5 d-bar distance between blocks.

The sequence w = b° % b! % ... is a concatenation of the blocks of the form

Ex(t)=B'xé&, EXt)=B'xe, ke Z,, s=0,...r—1,

T s
where &, = (k,....k), e =k, ...,k k+1 .k ... k).
) ) 3 k ’ s vy s vy )
st place
The sequence w; = bt x b1 % ... is a concatenation of the blocks of the form
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The blocks Ey = Ey(t), E,(:) = E,(:)(t) are called t-symbols and the blocks e, =

er(t), eis) = e,(:)(t) are called ”small” ¢t-symbols. Each fragment w[kp;, (k+ 1)p; — 1] of
w,k € Z, is a t-symbol, and wi[kAr, (k+1)Ar — 1] is a ”small” t-symbol. The positions
[kpt, (k4 1)p: — 1] and [kAr, (K4 1)Aer — 1] will be called the natural positions in w and
wy respectively.

We will examine d-bar distance between the blocks mentioned above or between
their special fragments. In particular, we will examine the pairs

br (4)br (i + 1), bk (4)brr1. (2 + 1), b1 (1) bi (i + 1),
fori=0,...,r—2and k € Z, and
bi(r — )b (0), br(r — 1)br11(0).
Proposition 1 Let

) { =800, 0 == 1], j <3\,
b

IT=b (N —1], ke Zp, i,i'=0,....,r—1,t>0.
If
1
(42) d(I’II)<W
then i’ =1 and ‘ A
(43) j=(n—k)r27 +anr2™ a >0 if 3.1 holds,
(44) j=(n—Fkrd+anrd, a >0, if 3.2 holds.

Proof. It is easy to observe that if i’ # i or i’ = ¢ and (43) (or (44) in the case 3.2)

does not hold then every subblock F,gi) of I differs from the corresponding fragment in

II at least in one position. Since j < 2—%\“ this would imply the converse inequality in
(42). |

In the Propositions 2-6 the blocks bk (i) = by(i), k € Z,, 0 < i < r, are those
defined in 3.1.

Proposition 2 Let
I="0bp(0)...0o(r —1)[0,7A — j — 1],

1l = bk(O)bk(T - ].)U,?")\t - 1],

1
j S §T>\t, k S Zn.

If
1
(45) d(I,II)<W
then j < %)\t, k=0, and
(46) § =0 (mod nr2"+1).

Proof. If j > %)\t then we can find subblocks I; of I and II; of Il such that II; is
under I; (see Figure 1) having the form (41) with different j's and with ¢ # i.
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? I {
\ \
\ [
I bo(0) IO) J | bo(r — 1)
[ — 1, — ‘ .
| |
| | [
S l |
| | — 5, — [
D@ | b be(r—1) |
\ [
‘ [
\ [
f 17 {
Figure 1

It follows from the Proposition 1 that d(I1,1I;) > —z and using (11) we obtain

1
S AL 1

d(I,II)> 224(1,.11) > ———.

(7 )77“)\,5 (L 1)*7“22”‘3

in spite of (45). Therefore j < ;.
It follows from (11) and (45) that

(47) d([i,lli)< fOI'iZO,...,T—l,

r2r+2

where
I; = b (i)[0, A\t — 7 — 1], 11; = by ()[4, \e — 1].

Then (47) implies (43) to hold for each i = 0,...,r — 1. In particular taking i = 0,1
we get
—krd + 2krd = ainr4.

Thus k£ =0 in Z,,. The Proposition is proved. W
Proposition 3 Let
1
I=bp(i)bey1(i+1)[0,2A—j—1], j< 5/\; A=A,

IT =by, (Db, G+ D)[j,2A—=1], i=0,...,r—2, kki,ks€ Z,
and ko = k1 +1 or kg =k; — 1.

If
1
(48) d(I,[[)<W
then
(49) (klkg) = (k,k‘—l—l) or (k‘ﬂi’g) = (l{i+4,k‘+3) ifn>3
and

(50) (kiko) = (k,k + 1) if n = 2.
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Proof. It follows from (48) and (11) that

1
and 1
where

Iy = bp(1)[0,A =5 — 1], T = by, (i), A — 1],
I =bpp1 (i + D)0, N —5—1], Il =bg,(i+1)[j,1—1].
Now, we apply the Proposition 1. It follows from (43) that

k—k=2(k+1—ke) (modn).
The above condition implies (49) and (50). W

Proposition 4 Let
Ik = bk(T‘ — 1)bk(0)[0,2>\ —j — 1] or I]; = bk(T — 1)bk+1(0)[0,2)\ —j — 1],

1
II = blc1 (’I“ — 1)bk2(0)[], 2\ — 1]7 k,kl,k‘g S Zn, ] < 5)\15,

and
(51) kg = kl or kQ = kl + 1.

If

1
d(I,II)<W7 I:Ik; OT'I]/C,

then
(52) ki=ko=kifI=1; and ky =k, ko =k +14f I = I,
whenever
(53) (2t —1,n) > 1,

and there is a unique | € Z,, such that

(k1ko) = (kk) or  (k1k2) = (I,14+ 1) and 1 satisfies

(27— 1) = (27— Dk +1in Zy if =14,
(54) and

(k1ke) = (k,k +1) or  (kiks) = (1) and | satisfies

(2rt—-1)=02'-Vk—-1inZ, if I1=1I,

whenever
(55) (2t —1,n) =1.
Proof. Using the same arguments as in the proof of the Proposition 3 we obtain from
(43)
(ky —k)2" ' =k —ky (modn) if I=1I
and

(ky —k)2" ' =k —ky+1 (modn) ifI=1j.
The above, (51), (53) and (55) imply (52) and (54) respectively. W

The next Proposition is an easy consequence of (9) and the definition of the blocks
b(0),...,b(r —1).
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Proposition 5 Let

Il:bl(i)[OaAtfjfl]v IIk:bk(Z)[]vAtfl]a

jg%)\t, kleZ, 0<i<r—L.
If j =0 (mod nr2"+Y) and k # 1 then
A1, IT) = 1.
Proposition 6 Let
I=bxC, IT=0b"xD[j,j+N\|D|—1], 0<j<rX—1,

where |C| > 3r,|D| = |C|+r, C,D C w1 (see (21)) and C = wyyq[pr, pr+|C|—1],D =
weytlgr,qr + |D| = 1]. If

(56) d([,[])<5, 6<W7

then either

(57) j < 8r2"TN\, and d(C,D;) < 6

or

(58) A — 6r2" TN < j <) and d(C, Dy) < 6,
where

1
Dy =D[0,[D] —r—1] ifj < 57”)%7
a1
D1 = D[’I"7 ‘D‘ — 1} ij > §T>\t~
Proof. We can represent C' and D as

C=C1Cy...Cs, D=DiDs...DyDy.1,

where
|Ci| =...=|Cs|=|D1|=...=|Ds| = [Dssa| =1, s>3,

and every C4,...,Cs, D1,...,Dgsyq is equal to one of the blocks ék,é,(:), ke Z,, v=
0,...,7 — 1 (see 3.5). Assume that j < 1r),. Using (12) we get

S

1 r
(59) d(I11) = - > (b x Cp, Ay),
p=1
where . ,

Ay = (b % Dy)(b * Dypyi)ljsji+rAe — 1.
Then (56) implies that
1
3r227-+3
for at least one p. Using the same arguments as in the proof of the Proposition 2 we
obtain j < %)\t.
Let

d(b x Cp, Ap) <

Q={1<p<s, C,and D, are equal €, ¢, for some k,l € Z,}.



J. Kwiatkowski & Y. Lacroix

It follows from the definitions of w,w; and b''s that

#Qz%&

This inequality, (56), and (59), imply

1
|Q| 3 d(b x Gy Ap) < T3

peQ
Now we conclude that there is at least one p € @ such that

1

d(b X Cp,Ap) < 7’2277'4'3

It follows from the Proposition 2 that j =0 (mod nr2"1).
Now, using (10) and (12) again we get (see Figure 2)

r—1

1 1 j o
=0 u=1 u=1
where
Lus = b, 1y ([0, X — j = 1], My; = by 1 ()G, A — 1,
Lui = bg, i) (D) = 3, A = 1], Myi = by, (3(i + 1)[0,5 —1].
:7 Lio :EIO : Ly : Ly :
| | | | |
, | VO 1 bW bE (g (= 1)
~ [ T I T | - -
| | | | |
| | | | |
| | | | |
\bel[O](o) [ b5 1y (1) [ [ Dl oy (r—1)
1T~ 1 i 1 |- = = = e
| | | | | |
FJt+—Xe—3 — | | |
| | | | |
F— Mo —+Mio+— M11 —+M111

Figure 2

It is not hard to remark that if j # 0

= — 1
forevery u and i, 1<u<s, 0<i<r—1.Let
=#{0<k<|C| -1, Clk] # D[k]}.

Then using the Proposition 5, (60) and (61) we get

1
2 I1,1T) > — 1—— —
(6 ) 6 > d( ) ) |C|( )\t + )\t T,2r+1)

17
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The above gives

a j a 1
212y 2=
a3 2 e
and then ﬁ < 26. This inequality, (56) and (62) imply

d >

a J 1 a a J 1 a
5> L4 _ 8y, 8T _o5) > &
NG T g TG P g

= d(C, Dy).

We have obtained the second inequality of (57). To get the first inequality of (57)
we use (62) to obtain
j 1
0> = .
- )\t 7"27""'_1
This implies (57). We have proved the Proposition if j < %r)\t. The case %r)\t <j<rh
leads to (58) in a similar way. The Proposition is proved. W

Proposition 7 Let
I=B'xC, II=B'%D[jj+m|D| —1], 0<j<p —1,

where C' and D satisfy the same conditions as in the Proposition 6. If

d(I7II)<(5, 6<W7

then either
j < 6r2" py and d(C,D1) < 6

or
pe — 012" p, < j < p; and d(C, Dy) < 6
where )
Dy = DJ0, D=1 = 1] if j < 5pi
and

1
Dy = DI[r,|D| = 1] ifr > 5]9:&

Proof. We use an induction argument and can repeat the proof of Lemma 3 from
[FiKw] using (8), (9) and the Proposition 6 instead of Lemma 2 from [FeKw]. W

3.6 d-bar distance between blocks - the case 3.2.

Using the same methods as in 3.5 we can estimate the distance between blocks b, ()
and Bl (i), i1 =0,...,r— 1, k € Z,, t >0, defined in the case 3.2.
As an easy consequence of the Proposition 1 we get

Proposition 8 Let
Il = le(O) . ~-blT71(T — 1)[0,7“/\t — ] - 1],

IIk = ka(O) .. .bk7,71(7“ — 1)[]'7 7“/\,5 — 1],
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J < Arhg, where (lo, ..., L—1) (resp. (ko,...,ky—1)) is of the form & or él(v) (resp. &
oré](:/))} k.le Z, andv,v' =0,...,r—1. If

1

d([l,ffk) < 7"2277“"'3

then j < %)\t and there is a unique s € Zyp, s = s(t), such that l; = k; + s for every
1=20,...,7—1. Moreover j has a form
j=(n-=98rd+anrd, a>0.
As an analogue of the Proposition 5 we obtain
Proposition 9 Let I}, I I be as in the Proposition 5,
i< %)\t and j = (n — s) (mod 4rn)
for some s € Z,,. Then
d(I;, IIy) = 1 whenever k — 1 # s.
Then using the Propositions 8 and 9 we have
Proposition 10 Let I and II be as in the Proposition 6 and
|C| >r, ID|=|C|+r, C,DC w1,
C =wilpr,pr+ |C| = 1], D = werqlgr,qr + | D] —1].
If
d(I,I1I) <o, < 329758
then there is an unique s € Z,, s = s(t), such that
j < 8r2"TIN\, and d(C,D;) < 6

or
A — 0r2" N < j <) and d(C,Dy) < 6§
where D1 = D[0,|D| —r —1] = C+s if j < s\, and Dy = D[r,|D| = 1] = C + s if
S 1
7> 57"At.
Using arguments as in Lemma 3 in [FiKw] and the Proposition 10 we get

Proposition 11 Let I and II be as in the Proposition 7 and C,D satisfy the same
conditions as in the Proposition 10.

If
1

3r22r+3’
there exists an unique s € Zy, s = s(t), such that either

§ < 6r2" 1y, and d(C, Dy) < §

d(I,11) <6, &<

or
P02 p, < j < pp and d(C,D1) < §
where 1
Dy = D{0,|D| —r 1] +5 if j < 5p
and

1
Dy = D[r,|D[ 1] +s 1f j > 5Pt
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3.7 The centralizer of T, (continuation).

In 3.4 we have proved that C(T,) consists of the elements R o g4, where R is a limit of
powers of T, and o, is defined by (4), a € Z,,. Now we are in a position to show that
p_ O { n  in the case 3.1,

wel{Tgm€Z} — 1 1  in the case 3.2

Lemma 3 If the case 3.1 holds and o, € Cy then a = 0.

Proof. Let us suppose that T)* — 04, a € Zj,. Then Corollary 1 says that o) — g
in measure. Let

(63) es = p{w € X500 (2) # a}.
We have ¢, — 0. Now for every s find ¢, such that

Ns Es
64 — < —.
(64) ST

To shorten notation we let ¢t :=t, + 1, t :=t,. Take x € D;». Then using (18) we get
(65) pl")(x) = B'[j + ns] — B*[j)
except of j's satisfying my —1—ns <j<my—1, 2my—1-n, <j<2my—1,...,p;—
1—ns <j <p;—1. Then (63) and (64) imply
1
S#0<i<p =1 Blitnd = B} # a} <esfeo =2
t
This means that
d(B'[0,p; — ns — 1], B" ,[ns,pr — 1]) < 2¢5.
We can write . .
B'=B'x V', B',=DB"xb

Ifes, < w?z%ﬂ then we apply Proposition 7 to the blocks I = B* % bt and IT = B x
b’ .. As a consequence we obtain

d(b', b’ ,) < 2e,.

This equality implies (Proposition 2) a = 0. The Lemma is proved. B

From Lemmas 2 and 3 we obtain

Theorem 2 #% =n if the case 3.1 holds.

Now, we examine the case 3.2. It follows from the definition of the blocks by(i) =
bi(i), i=0,...,r—1, a € Z, that
(66) b(i)[(n — a)dr, A — 1] = by (4)[0, A — (n — a)4r — 1],

for every i =0,...,r — 1.
Set n; = (n — a)4rp;—1. Then (66) implies

B'(i)[j +nd = B'(i)[j] = a

for j =0,...,p, —ny —1,and i = 0,...,7 — 1. (65) and the above imply ¢™)(z) = a
except of a set of measure < 7’% < %.

Hence ¢(™) — a in measure which implies that Tyt — 04y a € Zy,. We have
shown that o, € C; for every a € Z,, and as a consequence of Lemma 2 we get
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C(Ty,) 1
Theorem 3 #m =1 if the case 3.2 holds.

Theorem 3’ wcl{T},n € Z} is uncountable.
Proof. Let go = Yo" wipt—1, ur = we(rm27"1) in the case (3.1) and u; = wy(4rn)
in the case (3.2) 0 < uy < 1)\ — 1 and assume that

oo
. Wy Wy
;Inln(ﬁ,l - T?) < 0.

Repeating the same arguments as in Lemma 4 of [GoKwLeLi] we can construct a mea-
surable function f : X — G such that

f(Tz) — f(x) = p(Sz) — p(z), for a. e. z € X.

Thus the triple R = (5, f,id) € C(T,). Of course, there is a continuum of go’s in X
satisfying the above conditions. Hence C(T,) is uncountable. Then Theorem 2 and 3
imply wel{T},n € Z} is uncountable. M

4 Rank of T, is r.

In this section we use the shift representation (Q,,7T,) of (X X Z,,Ty) (see 2.3) and
the definition of rank given in 2.2.

4.1 The frequencies of t-symbols and an estimation of the rank.

Let Fr(E,w) be the average frequency of a t-symbol E (see 3.5) appearing in w at natural
positions. Similarly, let F'r(e,w;) denote the average frequency of a ”small” ¢-symbol e
appearing in w; at natural positions. It is easy to get the following equalities;

— 1 1. 11
Fr(Eg,w) = Fr(eg,w) = %> (1- ) = - = - ol
(67) i=0 i=0
and
Fr(E,(CS),w) = Fr(e,(f),wt) = mz%“, s=0,....r—1, ke Z,,
if the case 3.1 holds. In the case 3.2 we have
(68) Fr(Eg,w) = Freg,w) = %,
Fr(E,(:),w) = Fr(e,(:),wt) =i, k€Z, s=0,...,r—1

Proposition 12 »(T,) <.
Proof. Consider the blocks

L =L(#) =B x bl (s), s=0,....r—1,t>0, k€ Z,.
We have

Ey=L0...Ly Y, BY =00 LeILe) Lty

for every k € Z,, and s =0,...,r — 1.
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Because the blocks E}, E,(:) cover completely the sequence w then the blocks L;O) e Lg_l), ke
Z,, also cover w.
We know that

b (8)[0, A1 — knr27 ) = b0 H(0) k2" Ay — 1],

ke Z,,s=0,...,r—1, if 3.1 holds,
and
b ()[0, A1 — knrd] = 01 (0) [knrd, A1 — 1],
ke Z,,s=0,....,r—1, if 3.2 holds.

The last equalities imply that the block L(()S) cover each block Ll(:), k € Z,, except
of a part with the length < n22"+!p, in the case 3.1 and < n24p, in the case 3.2, for
s = 0,...,7 — 1. Thus the blocks Léo), .. .,Lg"_l) cover the sequence w except of a
part with the density < "ii:l if 3.1 holds and < % if 3.2 holds. Simultaneously

|L(()S)(t)| 2% 50. According to the definition of the rank (see 2.2) we have r(Ty,) <r. A

4.2 Special subblocks of w;.

Fix t > 0. We distinguish special subblocks C' of w; of the form b x C, where C is a
strict subblock of one of the following blocks (cf. 3.5)
e (s) (s) k /4
K€k, €KEL 5 €} €kt1, € Ly, S ..
(69) where e, = e (t + 1), e,(cs) = e,(:)(t +1),
if the case 3.2 is considered,

or

(s) (s) (s) (s)
CLELCKC, CLECLERE) ; CRELEL Chil, €€} €hyl€kil, €} €kilChki1Cktl,

(70) ke Z,, s=0,...,r—1,
if the case 3.1 is considered.

Notice that blocks (69) are all pairs of ”small” (¢ + 1)-symbols appearing in w41, as
well as the blocks (70) are all possible quadruples of ”small” (¢ + 1)-symbols appearing
in weyq. Let us list the different cases we shall deal with afterwards;

A)C C b};—é—l(io) for some kg € Z,, and ig =0,...,7 — 1 (cases 3.1 or 3.2);

B) (the case 3.2) C = by, (io) .- br,_, (r —1) | by, ... by, (i1) where b(i) = b'' (i), ig >
0,4 <r—1.

E = (ki ... kr—1lo...1;;) is contained in one of the following blocks;
(71) exer, ene) eVepin, k€ Zy, s=0,...,0—1,

and 2 < |E| < 2r;

B’) (the case 3.1) C =

bkig (Z‘O)"bkrfl(r - 1) ‘ bug (0)"bur71(r - 1) ‘ bu, (0)"bv7‘71(r - 1) | b, (O)bl” (Zl)

and F = (kio~--k7"—1 | UQ - - Up—1 ‘ Vo .. Up—1 | lO-”lil); 2 < ‘E| <dr; a9 >0, 11 <
r — 1, is contained in one of the blocks

(s) (s)

72 R S 5 s\8)5 **(S)
(72) €LCLEKEY, CLELELE), ,CLELE,  Clil,CLEp

_ _ _(8) = _ _
€L+1€k+1,€ €Ek+1€k41€k41-
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In general we can write - -
(73) C =C1052C5
where Cs is as in A) or as in B) (the case 3.2) or B’) (the case 3.1),
and

(74) { Cy = b (io — Dlir, A= 1],  Cs =0bth iy +1)[0,lor — 1],

0<lhi<A=-1,0<la <A—=1, A= X1,

and k'Ek” is contained in one of the blocks (71) or (72) respectively (E is defined by
o).
Then we can distinguish the next special kinds of blocks (73) for given 6 > 0 :

G1) ‘%“ > § and ||(’;3|| > 0,
G2) ‘%“ > § and ||g—?|| <4,
G3) Gl <5 and 12 > 5,
G4) %l < 5and 1Bl <6

4.3 r(T,)=r: the case 3.2.
Take 0 < 52 < 74222%

Proposition 13 Assume that C is as in B) and let d(C, D) < §%, D C w;. Then D has
a form

(75) D= (¥ x D)[j,7 + |D| — 1], where D C wi11
and A _ pttl t+1 t+1 t+1 41
(76) D= b,jo (ig) - - - bk':tl(r —1)| blgr (0)... blz (il)blzﬂ(il +1),
and j < 8*r2" Ny, UL € Zy,
or _
(77) D is as in (76) and
j > T)\t+1 — (52T2r+1)\t+1.

Moreover, there is a unique sg € Z,, such that
(kty o Ky [T 1) = (ko ke [ lo - L) + 50
if (76) holds and
(K ook [l U ) = (koo keoa [ 1o 1)) + so
if (77) holds.

Proof. The Proposition is an easy consequence of the Proposition 10 where ¢ is taken
instead of t + 1 (0% < 53775 < 339775). W

Given a block A C w or wy, A = w[l,l + |A| — 1] we define A(d) as A(J) =
wl[l = §|Al, L+ |A| + §|A| — 1], & > 0. The next Proposition says that if C' is as in G1),

G2), G3), or G4), there is a block C’ = b % C such that C is as in B) and either C
contains C' or C is contained in C(6;), where 6; < §2r27 1.
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Proposition 14 Let C = b % C and let C be as in G1), G2), G3) or G4). Assume

that 52
(78) d(C,we[l, 1+ |C] —1]) < 3
Then

d(C",w I, +]C' - 1]) < 62
wherfiC’ — bt x C, CcC w1 and
gl) C = b (io — DO (i +1), U =1 —bir (cf. (73), (74)), if G1) holds,
g2) C = béjl(io —1)Cy, I =1— Uy, if G2) holds,
g3) C = Coby) ' (ix + 1), I' =1, if G3) holds,
ga) C = Cy, I' =1, if G4) holds.
Proof. Consider the case G2). Then (11) and (78) imply (Cy = bt x Cs)
d(b' X Ca,willz, Iz +|Ca| — 1]) < 62

where Ip = [ + [bt x (.

It follows from the Proposition 13 that wy[l2, I +|C2| —1] is of the form (75). Assume

that the case (76) holds. Set
Cr=Gi[0,]Cr] - j 1],

~ 1 A 1 . ~ :
Dy =wip[— (1 —37),—(—J)+|Ci| — 1] (see Figure 3).

At " A\
| - |
| ¢ |
- | ~ [
T Ca B
L L
FCi— | | |
L 1 ‘ = { . L ] { e | =
[ bk/ (io — 1) | b]”() (70) [ bkr—l (T — 1) ‘ bLO (T‘ — 1) [ bkil (71) | bk” (’il + 1)
| | | |
I I
| | | | | | | | |
| | | | |
| I | | | | | |
F=D1—jH | |
L ‘ 1 ] o oo | ‘ 1 ‘ ] o oo | ‘ 1 1 1 ]
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7D17

wepr[ (= 3), & (= 5) +1C] - 1]

Figure 3

If follows from the Proposition 8 that

(79) j=(n—sp)rd (mod 4nr).
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The fragment of wyiq from the left side of b"Jr (ip) having the length A\;4q is of a
form bi*1(ig — 1) and either u = k' + 59 or u = k' —i— 50+ 1. Assume that uw = k' + s¢ + 1.
Then the Proposition 9 implies o
(80) d(Cy,D1) =1
Let Dy denote the block wiy1[5-(I = 7), x-(1 = §) + |C1] = 1] (see Figure 3). Obviously
we have

c (11),(8)
||Cl||d(0 Dy) < d(C,wl,l+|C| —1]) < 6%
Further
A (80) |¢,
82 > ‘C‘d(cl,D1)>5d AR IC‘ (Cr,Dy) = 95
. (G . (76) W ,
=6(1— &) z 5(1— 5|JC,‘) > 6(1— “‘5'7@“) > §(1 — 6r2r+l),
because |C| > A\py1.
Thus
1—0r2"tt < §

which is in contradiction with the inequality 62 < 7222%% We have shown u — k' = s¢g =
kb — ko.

Now, using (79) and the definition of by (io — 1) and by (ip — 1) we obtain Clv] =
wi[l’ +v] for each v =0,...,|C1| — 1, I' =1 — 17 (see (74)). This last equality implies
g2). The proofs of the remaining cases are similar. W

Proposition 15 Assume that F = {C1,...,Cyq}, d <r—1, is a family of subblocks of
wy such that

(81) C; =0 X C; and each Cj is as in B).
Let wi(F) be the mazimal subsequence of wy that can be §%-covered by the family F in
a disjoint way, 6 < TQQQ%H, and let wy(F) be the complementary part of wy. Then it is

an union of at least (r — d) blocks bt X V(i) g =1,...,r —d.

Proof. Denote by F; the set of all blocks C' € F such that C' §2-covers a subblock of
w1 containing one of the form

VL@ T+ 1), i =0,...,r —2,

and by F,._; those C for which C' §%-covers a block containing b***(r — 1)b*+1(0). We
show that F; NF; = (0 whenever i # j. Take C' € F;, D € F; and let C, D be the blocks
defined by (81), C' as in B) and

D =7 (i) -0 (r = 1) [ b (0) .. b, (3h).
i ‘1

If (ig...(r—=1)]0...41) # (ig... (r = 1) |0 .44) then C # D.
If (ig...(r—=1)]0...41) = (ip...(r — 1) | 0...4}) then using the Proposition 13 we
obtain
(ki0~-~kr—1|l0-~-li1): (k‘;ok;_1|l6l;1)+80

for some sy € Z,,. The last condition is impossible since i # j. The Proposition follows
because #{Fi;0<i<r}=r. B
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Theorem 4 r(T,) =r.

Proof. According to the Proposition 12 it remains to show that r(7,) > r — 1. Let
62

T < 22%7” and let Ay,..., A, be blocks occwrring in w, |A4;| > pi, and ty satisfies

+ < 627°2’"+1 ift>tg, x < r—1. For each uw = 1,...,x there exists an unique ¢ = t(u)
buch that A, contains at least one ¢-symbol and doeb not contain any (¢ + 1)-symbol.
Then A, has a form

(82) A, = E\(B'™! % C,)E,

where C,, C wy is asin 4.2, |Cy| = gr, ¢ = q(u) > 1, Ej is a right-side part of a t-symbol
and Fjs is a left-side part of a t-symbol. We divide the set {¢(1),...,t(x)} by arithmetic
order. More precisely, we put

71 = max{t(1),...,t(x)}, Ty = {u;t(v) =71}, di = #T7.
Next we define
o = max{t(u);u ¢ 1}, To = {u;t(u) = 72}, d2 = #7T5.
Similarly we define sets T3, ...,T,, numbers 73,...,7, and ds, ..., d,. We have
Tn>...>T, di+...+d, =x.

Let
A, ={AyueT,}, p=1,...,v

The families Ay, ..., A, are pairwise disjoint and Up_; A, = {Ay,..., A}
Consider the family A;. Assume that
Ay ={Ay,..., Ag }.

Then

C,=bxC,

and
C, C Wte1, U € Ty, t=m11.

If d( Ay, w[l, 1+ |Ay| — 1]) < & then by (11), (8),
2

. 5
(83) d(B'™" % Cuyoll 4 mea|Cul = 1)) < 5

where I =1 + |E’V1|
According to the Proposition 11

(84) d(Cuywi [l I+ 1Cu| = 1]) < =

for some I’ € Z and )
(85) Il —pd| < 5527‘2r+1pt

We can write - - - -
c, =c,Me,®a®
according to (73).
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We distinguish among the blocks Ay,..., Ag, three types F1, Fa, F3, as follows;
A, € F1if C, is asin A) or G4),

A, € F if Cy is as in G1), G2), or G3),
A, € F3if Cy, is as in B).
Let d11 = #fl, d12 = #fg, d13 = #./Tg We have

di1 + dio + dis = ds.

Let w(Ay,...,Aq,) be a subsequence of w that is %—covered by the blocks A;,..., Ay

in a disjoint way. By w(F;), i = 1,2,3, we denote the subsequence of w %—covered ina

disjoint way by the families F;. Of course, w(A1, ..., Aq,) C w(F1)Uw(F2)Uw(F;3). De-
noting by w(A1, ..., Aq, ), @(F;) the complementary parts of w(Ay, ..., Aq,), w(F;), i =
1,2, 3, respectively, we have

1

(I}(Al, e 7Ad1) D @(.7:1) N @(.7:2) N @(.7:3).

According to (83),(84),(85) and the Proposition 15 we have that ©(F3) is an union of
at least

(86) (r — di3) blocks E(61),
where
(87) E =B xb*(i;), j=1,...,r —dis, and
8y < 26%r2r 1,
~ ( .
because of \‘fill < #tﬂ =55 < 161, and ‘\iill < 16,

Consider the family F». Let A, € Fs. If A, ‘{i—covers a fragment I, of w then (83)

9
and (84) imply that C, %-covers a fragment I, = I,,(t) of w1 and (85) implies

I, (B % L,(t))(5y).

It follows from the Proposition 14 that there is Ay of a form as in F3 such that 6’a %—
covers another fragment I;(¢) of w41 such that

L,(t) C Iz(t)(9).

Applying the Proposition 15 to the family {Az} we obtain that &(F3) N @(Fz) is an
union of at least (r — dig — dy2) blocks E(d2), E is as (87) and dy = max(d, d1).

Each block E(d2) € @(F3) Nw(Fz) is an union of at least (r — dy3 — dy2) blocks of
the form B! x e\, k € Z,, s € S, #8 =1 — di3 — 2.
Using the same arguments as before we get that

w(F3) Nw(Fz) Nw(Fy) is an union

(88) of at least (r — dys — dya — dy1) blocks of the form Bt~1 x el
s€ S5, #S1 =r—diz —diz — d1:1.

Denoting P(w1,w) the density of a subsequence w; in w and using (69),(86),
(88) we have
P((I)(Al, ce. ,Adl),w) > P((D(]:gv) N @(.7:2) N @(.7:1), w)
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> (1 it (1 - ) ()21 - &)

4nr
> (1= )% 21 = 82) = (1= )% (355)%5
If Th # {1,...,2} then we repeat the above reasoning to the subsequence @(F3) N
w(F2) Nw(F1) and t = 72, and so on. As a consequence we get

(1 _ })27‘ 1 (i)w.

P((D(AlaaAﬂﬁ')?w) r 27 4Anr

\%

This implies r(Ty,) > r — 1. Thus we have shown r(T,,) =r. W

4.4 r(T,)=r: the case 3.1.

To prove that r(T,,) = r in the case 3.1 we can repeat the same arguments an in 4.3.
Similarly as in the Theorem 4 we consider blocks A,, u=1,...,z,  <r —1, and A,

are as in (82), C, = bt x C, but C, are as in A), B’) and G1), G2), G3), G4).
As an analogue of the Propositions 13-15 and Theorem 4 we obtain

Proposition 13’ Assume that C is as in B’) and let d(C,D) < 6*,D C w;. Then D
has a form (75), and D =

bkéo (io)..bk;_l(r — 1) ‘ bu() (0)“b“/r—1(r — 1) ‘ b;O(O)..bU;_l(T‘ — 1) | blf) (0)..()[;1 (7;1)7

bi(i) = b (i), and j satisfies either (76) or (77).

Proposition 14’ Let C be as in the Proposition 14, C is as in (73) and Cy is as in
B’). Then we get g1),92), g3) or g4).

The proofs of the Propositions 13" and 14’ are similar to the proofs of the Propositions
13 and 14.

Proposition 15’ Let F = {Cy,...,Cy},d <r—1,C; = b x C, and C; are as in B).
Then we have the same thesis as in the Proposition 15.

Proof. Let F; 1, 1 =0,...,7 =2, k € Z,, be the set of all blocks C' € F such that
C(C=0b x C) §2-covers a subblock of w1 containing one of the form b?l(i)bf;ll (i+
1). By fr(i)l)k, fT(i)Lk we denote those C' € F such that C does so for the pairs b} (r —
)b (0) or by (r — 1)b§€j_11 (0) respectively.

Using the Propositions 3 and 7 we get that

if C € F; . then C §2-covers (up to dr22"F3),, 1) only those
fragments of wy41 containing blocks of the form

(89) (89') b x &p(i+ 1) or b X Eja(i), if n >3,
and

(89") bl x Ep(i+1)ifn=2,
whenever ¢ =0,...,r — 2, k € Z,,. Using the Propositions 4 and 7 we get that

if C e fr(l_)Lk then C §%-covers only those fragments
(90) of wy41 containing blocks of the form

(90") bt (r — 1)b(0) or b (r — 1)1 (0),

[ satisfies (54),
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and
if Ce '7:1527)1716 then C §%-covers only those fragments
(91) of wy41 containing blocks of the form
(91") b (r — Db (0) or b (r — 1)17(0),
[ satisfies (54).

Now notice that each two blocks bt+1 x e](f) and b1 x e,(f,), ke Z,, k+#K, ap-
pearing in w;1; are separated by at least three blocks of the form
b % ek+1. This, (89) and the condition |E| < 4r (see B’)) imply that F; , N F; 1 = 0,
itk #K,i=0,...r—2 Similaly 7V, nFY | =0and 2, nFP, L =0, if
kA K

Further (89) implies that if C € F, , N Fyrpr then ¢/ =i+ 1, ¥ = k+4if n > 3
((89)) and ¢/ =4, ¥ = kif n = 2 ((89”)), ¢ = 0,...,7 — 2. (90) implies that if
C e ‘7:751—)17]@ N .7:7527)1716, then k' =1, [ satisfying (54). Combining the above arguments
we get that there is at least 22 — d fragments of w41 of the form (89’) and (90) or (91)

2
that are not covered by the family 7. The Proposition follows because 5 > r. W

Theorem 4 r(T,) =r.

Proof. We repeat the same reasoning as in the proof of the Theorem 4 using blocks
A1,..., A of the form (82) with ¢ > 3. We use the Proposition 7 instead of the Propo-
sition 11 and the Propositions 14’ and 15’ instead of the Propositions 14 and 15. The
using (67) instead of (68) we get

1,1 1
P(&(Ay..... A >(1— )" —(——
(W( 1 y w)aw)_( ) (rn2r+1

. 2r
r’ 2" )
what implies 7(T,) > r — 1 and by Proposition 12 we have r(T,,) =r. B

)

5 Pairs (r,00) or (oo, m).

In this part we construct group extensions (X x G, T,,) such that r(T,) =r, ¢(T,) =
00, 2<r<ooorr(T,) =00, ¢(T,)=m, 1<m< occ.

5.1 The case (r,00).

Take a sequence {s:}52, St41 = fe415t, So = po, e > 2 for t > 0 and let G be the
group of {s;}-adic integers. Let e = 14 081 + Ops + ... The set of all {s;}-adic rational
integers of G coincides with the set {e,,n € Z}, where e,, = ne. Similarly as in the case
3.1 we define an adding machine (X, B, u,T) and a cocycle ¢ : X — G. To do this we
define blocks F(O, F)  F=1 (r > 2 is given) over G.
Put

r(2it-1) r
FOt)=F® = 0...0 0...0e0...0, i=0,...,r—1
HO = FOFD FD_
Then |H®| = s,72!*1. Next define b*(0),...,b"(r — 1) as in 3.1 and
bt =0b'(0)...b'(r— 1), t > 0.
We have

e = |bH(i)| = 2T i =0, — 1
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and
bf] = spr22r it

Then we define the blocks B?, t > 0 by (14). We have p; = |B'| = s ... syr?t2r (211 —
1). Let (X, B, u,T) be the {p:}-adic adding machine and define a cocycle ¢ : X — G
by (18).

Theorem 5 r(Ty¢) =r and q(T,) = oo

Proof. Let II; : G — Z/s;Z be the natural group homomophism. We can define
cocycles ¢y : X — Z/s:Z by ¢r = ¢ o Il;. Tt is evident that ¢, is a r-Toeplitz cocycle
as in 3.1 defined by the blocks II;(Bj),u > 0. According to Theorems 2 and 4 we
have r(Ty,,) = r and ¢(T,,) = s;. It follows from the definitions of ¢ and ¢; that the
dynamical system (X x G, T,,) is the inverse limit of the systems (X x Z/s,Z,T,,). Then
from the definition of the rank we obtain r(T,) = r. It is proved in Theorem 2 that
0je ¢ wel{Ty,,n € Z}if j=0,...,5,—1, t > 0. This means that 0. ¢ wel{T},n € Z}
for every j € Z, j # 0 which implies ¢(T,) = co. W

5.2 The case (co,m).
First consider the case m > 2. Let 7, = 2!+, ¢ > 0 and define blocks F() = F)(¢)

over G=Z/mZ, i=0,...,7.4+1 — 1 as follows:
it Ly, Ti41
. ——
F® =0...00...0 1 0...0,
~—
it+1

HO =FOFD PO =0, rg — 1.

We have |H®| = mr, 273, Next define v*(0),...,b"(rs4q1 — 1),bt, B! by putting

—_—

(i) =HOHD . HO g =ttrs—izl
bt = bt(O)bt(l) ce bt(Tt+1 - 1), and

Bt=0" X bt %N
Then \; = [b'(i)| = m227P+2 p = 1y and py = myrepr, My = Ao ... \s. We define a
cocycle ¢ : X — G by

p(x) = B'[j +1] = b'[j]

ifx € D;» except if j = my — 1,...,p; — 1. The cocycle ¢ is constant on the levels D;
except of ryy1 consecutive levels.

In a similar way we construct a cocycle ¢ if m = 1. Take n as in the case 3.2 and
define

27y 274
. . P A ——
FO@t)=FD =0...00...0_1 0...0
~—
i+1

HD = Y . FY

n—1s i=0,1,...,7“t+1—1.

The next steps of the definition  are the same as in the case m > 2.
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Theorem 6 7(T,) = o0,q(T,) = m and wcl{T},n € z} is uncountable.

Proof. For the dynamical system (X x G,T,) we can use the same arguments as
in the parts 3 and 4 taking r; instead of r. The Theorems 2,3 and 3’ are valid. To
estimate the rank of T, we use the shift representations (Qw, T, ) of (X x G,T,) where

w=b0 X b X ... Repeating the proof of the Theorem 4 and 4’ we get r(T,,) > ry — 1
for every t > 0. Thus r(T,) = co. W
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