SOME CONSTRUCTIONS OF STRICTLY
ERGODIC NON-REGULAR TOEPLITZ FLOWS

A. IwaNIK* & Y. LACROIX**

ABSTRACT. We give a necessary and sufficient condition for a Toeplitz flow to be strictly ergodic.
Next we show that the regularity of a Toeplitz flow is not a topological invariant and define the
“eventual regularity” as a sequence; its behavior at infinity is topologicaly invariant. A relation
between regularity and topological entropy is given. Finally, we construct strictly ergodic Toeplitz
flows with “good”cyclic approximation and non-discrete spectrum.

Introduction.

Let A be a finite set of at least two elements. Denote by A* the set of finite sequences, or
words, over set A. It has a semigroup structure for the concatenation of words; if w € A*, let |w|
denote its length.

Endowing A with the discrete topology, the set = AZ is a compact metrizable space with
the product topology. If u € 2, n € Z and p > 1, then let

un,n+p) =um)un+1)...un+p—1)

denote the word of length p appearing in u at position n.
According to [Ja-Ke], an element n € Q is called a Toeplitz sequence if it is not a periodic
sequence and satisfies the following condition

(Vn € Z) (Ip 2 2) (Vk € Z) n(n + kp) = n(n).

Define the shift transformation S : @ — Q by Su(n) = u(n + 1). To u € Q we first associate
its orbit O(u) = {S™u : n € Z} then the orbit closure O(u) for the product topology.

Now a Toeplitz flow is a pair (O(n), S) where n € Q is a Toeplitz sequence. Every Toeplitz flow
is minimal; if it admits only one shift-invariant probability measure, we say it is strictly ergodic.
We refer to [Wi] for further notation on Toeplitz flows.

The aim of the present paper is to continue the investigation of Toeplitz flows from three
points of view: strict ergodicity, degree of non-regularity, and cyclic approximation with spectral
implications. The paper is organized as follows.

In Section 1 we state in Theorem 1.1 a necessary and sufficient condition for a Toeplitz flow
to be strictly ergodic.

In Section 2 we study the regularity d(n) of a Toeplitz flow (O(n), S). We show in Example 2.2
that, perhaps surprisingly, d(n) is not a topological invariant. A strong version of this is Example
2.3. We propose a notion of eventual regularity (Definition 2.1) which, using [Do-Kw-La], turns
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2 NON REGULAR TOEPLITZ FLOWS

out to be “eventually invariant” for topological isomorphisms of Toeplitz flows (Proposition 2.1).
It is shown that a Toeplitz flow with positive topological entropy has its eventual regularity (n)
tending to zero (Corollary 2.1). '

In Section 3 we construct Toeplitz flows as group extensions over their maximal equicontinuous
factor, inspired by constructions from [Wi], and obtain such flows having good cyclic approxima-
tions. In our construction the only eigenvalues are those located on the maximal equicontinuous
factor and the spectrum is partly continuous (Theorem 3.1).

1. Strict ergodicity.

Let co ¢ A be an additional symbol, referred to as a hole. Let A = AU {co}, and Q = AZ.
Given B € A* define the periodic sequence B> by letting B>(n) = B(m) whenever n = m
mod (|B|).

Then a Toeplitz sequence 1 € § can always be expressed as lim,, B in ) where B, € A*,
|B| = pn, the sequence p,, is increasing, and the following conditions are satisfied:

(1) pn =2, palpnit,
(2) Bn4+1(j) = Bn(i) whenever j =i mod (p,) and B, (i) # oo,
(3) pn is the least period of BS°.

The sequence p1,pa, ... is a period structure of the Toeplitz sequence 7 (in the sense of [Wi]). As
in [Lal] and [Do-Kw-Lal, we define ¢-symbols of n. For any ¢t > 1,

Wi(n) = {nlkpe, (k+1)p:) : k € Z}

will denote the set of t-symbols.
Now let G, = limZ,,, be the compact monothetic group of the (p,)-adic integers (see [He-

Ro]). The elements of G, are represented as sequences g = (gn) € [[,—,{0,...,pn — 1} such
that gn,41 = gn mod (p,). The element 1 = (1,1,...,1,...) is a topological generator. We let
Ti(9) =g9+1,9€Gy .

From [Wi], we know that for any w € O(n), there exists a unique g(w) = (gn(w)) € G, such
that for any n > 1, k € Z, we have w[—gn(w) + kpn, —gn(w) + (k+1)p,) € Wy, (n). Thus w is a bi-
infinite concatenation of n-symbols at special places. We also know that the map 7 : O(n) — G,
defined by m(w) = g(w) is onto, continuous, and 7 oS = 73 o w. This defines the maximal
equicontinuous factor of the flow (O(n), 9).

Now we take the set of t-symbols of 7 as an alphabet ¥; = W;(n). Let ®® be a bi-infinite
sequence over X; defined by

1 (n) = nlnpe, (n + py).

)
Then since 7 is Toeplitz, so is 7). In fact, if, given w € O(7), we define w*) € Q; by
w¥(n) = wl—gi(w) + npr, —gr(w) + (n+ 1)pr)

then the map ®;(w) = (g¢(w),w®) is a homeomorphism of O(n) onto Z,, x O(n®). Moreover, on
0, we may once again define the shift, still denoted S. We let ¢ : Z,, — {0,1}, where e4(g¢) =1
if go = pr — 1 and £4(g¢) = 0 otherwise. The action S; : Z,, x O(n®) — Z,, x O(n")) defined by
Si(ge,u) = (g¢ + 1,859 (w)) is a homeomorphism and

(I)tOS:gto(I)t.
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Let B,C € A* be such that |B| = 8 <+ = |C|. Then we denote by ap(B, C) the frequency of
appearances of B at positions j3 in C, in other words,

ap(B, C) = (#{i: CliB, (G +1)B) =B, 0 < j < [v/B]}).

(/8] /6]

Now we fix a period structure (p;) for the Toeplitz sequence 7 and write W; for Wy (n).

Theorem 1.1. The Toeplitz flow (O(n),S) is strictly ergodic if and only if for any s > 1 and
B € Wy there exists a number v(B) such that

ap(B,C) — v(B)

uniformly in C € Wy as t — oo.

Proof. First we prove the “if” part. For w € A* denote
[w] = {u € Q:u0, |w]) =w}.

It suffices to show that for every w € A* the limit

k—1

1 ,

. n+

11]?1 z ZO 1) (™)
J:

exists uniformly in n (see [Ox]). Given w and £ > 0 we choose s such that |w|/ps < /3. For any
s-symbol B denote by N(w, B) the number of occurrences of w in B.

Now we count the occurrences of w in n[n,n + k). First observe that s-symbols B appear
there at positions jps for at least [k/ps] — 1 values of j. Although they occur with frequencies
depending on k, it follows from our assumption that the frequency of each B differs little from
v(B) if k is sufficiently large. We choose kg such that for k > ko the difference never exceeds 4,

where
3 - ZN w, B))

Without loss of generality we may also assume 6ps/ko < £. It is now clear that w appears in
nin,n + k) at least

> (k/p] = 1)(¥(B) = )N (w, B)

B

times. The occurrences that are not taken into account are either those overlapping two con-
secutive s-symbols or those appearing at the extremities. Their total number does not exceed

[k/ps]|w] 4 2ps.
Consequently,
1 2 1 k—1
— = 3 W(B) ~ 6)N(w,B) < 7 3 11 (8™n)
ps kK k
B 7=0
1 [w] | 2ps
<. > (v(B) +8)N(w, B) + — + -
S B s
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which, by the choice of § and kg, implies that for & > k¢ the middle term differs from
1
— Y v(B)N(w, B)
ps 4

by less than e. This is a uniform Cauchy condition which clearly ensures the required uniform
convergence.

The "only if” part follows readily from the skew-product representation given by ®; : O(n) —
Ly, ¥ O(n™®). In fact, the strict ergodicity of the product implies that of O(n(¥)) and B is a single
letter in n. O

As an immediate corollary we obtain the following criterion of strict ergodicity.

Corollary 1.1. If ap(B,C) = ap(B,C") for any B € Wy and C,C" € Wiy (t = 1,2,...) then
the flow (O(n), S) is strictly ergodic. O

As an application of Corollary 1.1 we propose the following construction of strictly ergodic
flows.

Example 1.1. Let A = {0,1} and let us define three sequences of words B,, € A*, C,,,C’, € A*
with B, satisfying (1) — (3) and such that we obtain a Toeplitz sequence n = lim,, BS° with
Wi(n) = {Cy, C{} for any t.

We need the following notation. If B € A* and w € A* is a word whose length coincides
with the number of holes in B we denote by B(w) the word constructed from B by filling in its
successive holes by the successive letters of w. Now we fix a sequence r,, of positive integers.

First let By = Ocoool, Cp = B1(01), C7 = B1(10). Now assume the B,,, C,, and C}, have been
defined. Then define

Bui1 = CoB'nBnC!,
Chy1 = C,CC''C!,
L = Gl CinC,

It is easy to check that conditions (1) — (3) are satisfied and furthermore that the sequence
n = lim,, BS® is not periodic. It is easily seen that the conditions of Corollary 1.1 are satisfied

and therefore the flow (O(n), S) is strictly ergodic.

2. Regularity and topological entropy.

The regularity of the sequence n was introduced in [Ja-Ke] as follows. Let B, be a sequence
of words in A* associated to n with conditions (1) — (3) of the preceding section. Then, for any
n>1, let

dn(n) (#{i: Bn(i) # 00, 0 <i < pn}).

1

Pn
It is easy to deduce that the sequence d,(n) is strictly increasing. Thus it has a limit, denoted
d(n), in (0,1]. This is the regularity of the sequence 7,

d(n) = limdy, (n).

A Toeplitz sequence 7 is called regular if d(n) = 1.
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Example 2.1. Let us go back to the construction of Example 1.1. We can see that p; =
4, pot1 = [Buy1| = (2r +2)| By, di(n) = 1/2, and

2 4 2r,dn(n)
2r, + 2

2(1 —dn(n))

:d’ﬂ
(n) + 2 + 2

dn-i- 1 (77) =

sol—dupy1(n) =1 -d.(n)(1 - Tlﬂ) Thus

1_d(n)_%ﬁ(1_rn1—f—l>'

Here we have d(n) < 1 if and only if Y 1/r, < oo.

Remark 2.1. If 7 is Toeplitz, then O(7) contains many Toeplitz sequences different from 7. It
however can be rather easily proved that for any w € O(n) which is Toeplitz, d(w) = d(n). Thus
in particular it makes sense to speak of the regularity of a Toeplitz flow.

Recall that if n is regular, then it is strictly ergodic and measure-theoretically isomorphic to
its maximal equicontinuous factor, which is the group of (p;)-adic integers (see [Ja-Ke|, [Wi]).

Definition 2.1. The eventual regularity of the Toeplitz sequence 71 given a period structure p;
is the sequence (1) = (d(n™M),d(n®),...).

We say that two flows (O(n), S) and (O(w), S) are topologicaly isomorphic if there exists an
invertible homeomorphism f : O(n) — O(w) such that foS = So f. In [Do-Kw-La] (see also
[Lal]) the following isomorphism criterion is proved:

Two Toeplitz flows (O(n), S) and (O(w), S) are topologicaly isomorphic if and only if for some

t > 1 there is a Toeplitz sequence & € O(w) (recall that from minimality O(w) = O(@)) such that
O = 50
modulo a bijective map from Wi(n) to Wi(@).
From this and Remark 2.1 we obtain

Proposition 2.1. If (O(n),S) and (O(w),S) are topologicaly isomorphic, then one can find a
choice of period structures such that the corresponding eventual reqularities are eventually equal,
i.e. there exists some to such that d(n®™) = d(w®) for any t > to. O

Here is a simple example which shows that the regularity d(n) is not a topological invariant
and illustrates the above proposition.

Example 2.2. We take the same construction as in Example 2.1. except that we start with the
following slight modification:

B 00001

Ch B1(0) = 0001

C{ = Bi(l) =0011.
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Then denote by w the associated Toeplitz sequence. It is easy to compute, still calling n the
sequence constructed in Example 1.1, that

1—d(w) = 5 (1 —d(n)

N =

Then if > 1/r, < oo, both sequences are non-regular and moreover their regularities are dif-
ferent. But it is easy to see that the associated flows are topologicaly isomorphic by the above
isomorphism criterion with ¢ = 1. Thus, reqularity is not a topological invariant.

In view of this example, we can easily understand that it is possible, given finitely many
rational numbers 0 < p; < ... < pr < 1, to construct a finite set of corresponding Toeplitz flows
(O(n),S),...,(0O(n*),8S) each respectively having p; as regularity and all being topologicaly
isomorphic to one another (we could for example construct Toeplitz flows for which the regularity
appears as an infinite product of rational ones, cf. [La2] for further information about such
products).

In the following example we construct a countable family of Toeplitz flows that are topologicaly
isomorphic and whose associated family of regularities is dense in the unit interval. Theorem 1.1
will be used to verify strict ergodicity.

Example 2.3. This example is based on “Toeplitz sequences constructed from subshifts”, due
to S. Williams (the reader is referred to Section 4 in [Wi]). Our construction differs slightly
from [Wi] in that we allow repetitions of words of the subshift Y used to fill up the holes in the
pi-skeleton of 1. This does not influence the properties of the constructed flow so we use freely
the results of Section 4 of [Wi].

Let 2 < p; < p2 < ... be such that p,|pn+1. Put po = 1, Ay = pn/Pn—1, and assume A, odd.
For two sequences of positive integers k = (k) and k' = (k!,), we write k ~ &’ if the sequences
coincide for some n onwards. Now for all x such that

(a) 2< kp < Ap — 2,
(b) Kn is even

we will construct 0-1 Toeplitz sequences n = 1™ such that
(i) n is a Toeplitz sequence constructed from the subshift Y = {01°°,10>°},
(ii) n s strictly ergodic,
(i)  d(n) =lim, d,,, where dy = kK1 /M1, dpt1 = dp + (1 — dp)Ent1/Ant1,

(

iv)  (O(n"),S) and (O(n*),S) are topologicaly isomorphic if (kn) ~ (k).

We construct n by induction. First let By = bob; ... by, —1 where
b0b1 e b,ﬂ,Q =0101.. .O, b,ﬂfl =...= bPI,Q = 00, bp1,1 =1.
Then put C; = B1(0101...010) and Cf = B;(1010...101) (this means that the holes of B; are

filled in consecutively with the two words of length Ay — k1 in Y'). For the inductive step assume
By, Cp, and C/, have been constructed. Then let B, 11 = vov; .. .Ux,,,—1 Where

l 1 4
v - .v,{n+1,2 = CnCnOnOn ceey ’U,{n+1,1 = ...= ’U)\n+1,2 = Bn7 1))\"+1,1 = Cn

Then define Cp, 41 = Byp41(0101...010) and C), | ; = B,41(1010...101).
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We have |C},| = p, and for every n the only n-symbols are C,, and CJ,. Since the &, are even
and the \, — K, odd, C,, appears at positions jp, with frequency

1 1
Up = ap(Cnvanrl) = 5(1 + N1

)

in Cy,41 and with frequency v, = 1 -, in C},, ;. By the same token C;, appears at these positions
with the frequencies v}, in Cy41 and v, in C,, ;. Now let v, 1 and v, , denote the frequencies of
Cn (at positions jp,) in Cpys and Cj, |, respectively. We have

! ! ! ! !
Vn,k+1 = Vn,kVk + Vy £ Vs Up k+1 = Yn,kVi + Vp 1 Vk

and check by induction that

1 1 1

1
e = 5(1+ b V=50 -

Anit - Aotk

Since A\, > 2, we obtain
li;?l Unk = Hl]cm v =1/2.

Now the assumption of Theorem 1.1 is verified and (ii) follows.
Checking (i) and (iii) is easy and clearly (iv) follows from the criterion of [Do-Kw-La]. Finally

we have -
Kn
1—d®) =[] <1—A—).

n=1

To conclude about the denseness of the associated regularities d(n®), it suffices first to choose
sequences (k) and (p,) such that

hglﬁ( —’;—J> =1,

J

which simply means _ k, /A, < 00, and next construct all possible sequences £’ that are even-
tually equal to x and fulfill the conditions (a) and (b) for chosen (p,). The denseness is then
obtained using classical arguments on infinite products (cf. [La2]).

We recall that given any u € €2, the topological entropy h(u) of the flow (0(u), S) is equal
to lim,, n~'log N,,, where N,, is the number of distinct words of length n in u. For the Toeplitz
sequence 7 it is not hard to see that

#W; < Np, < D1 (FWy_q ) HPe/Pemr

which yields the following entropy formula (appearing in [Lal] and [Do-Kw-La]):

h(n) = lim z% log(#W:(n))-

Proposition 2.2. If n is a Toeplitz sequence, then h(n) < (1 —d(n)) log (#A).
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Proof. Obviously
#Wil) < (AP0,

so the assertion follows immediately from the entropy formula above. [J
The following is a corollary to Proposition 2.2.
Corollary 2.1. If n is a Toeplitz sequence and h(n) > 0 then (n) — 0.

Proof. We have
h(n™) < (1 = d(n™)) log (#W:(n)) .

The entropy formula applied to the Toeplitz sequence ¥ over the alphabet ¥, implies h(n()) =
pih(n) (alternatively, the same is obtained from [Ne] with help of the isomorphism ®;). This
gives

1= d(n®) > h(n®)(log (AW, ()" = h(n)(plt log (#Wi(n)) ! — 1,
which means d(n®)) — 0. O

3. Cyclic approximation of Toeplitz flows.

In this section we exploit William’s “Toeplitz sequences constructed from subshifts” to obtain
systems isomorphic with group extensions. This will enable us to construct strictly ergodic
Toeplitz flows with partly continuous simple spectrum.

Let T be an invertible measure preserving transformation (automorphism) of a standard
Lebesgue probability space (X, u). We denote by e the point partition of X.

According to Katok and Stepin (see e.g. [Co-Fo-Si], Chapter 15), an automorphism 7' ad-
mits cyclic approximation (c.a.) with speed f(n) if there exist measurable partitions &, =
{Co,...,Ch, -1} — € and automorphisms T,, permuting cyclically the elements of &, such that

hp—1
> T CAT,Cy) < f(hn).

=0

If T admits c.a. with speed 6/n, 6 < 1, then it has simple spectrum ([Co-Fo-Si]). The c.a. with
speed o(1/n) implies rank one; moreover, if T admits c.a. with speed 1/n" then the spectral
measure is concentrated on a set of Hausdorff dimension not exceeding 1/r (see [Iw]).

Theorem 3.1. Let p1 < pa < ... be positive integers with pt|pi+1 and assume that there exists
s > 2 such that, for every k > 1,

5k|pt
for all sufficiently large t. Let f(n) > 0 decrease to zero. Then there exists a strictly ergodic 0-1

Toeplitz flow which admits c.a. with speed f(n) and has partly continuous spectrum with the only
eigenvalues of the form exp(2wik/p:) (arising from the mazimal equicontinuous factor).

Proof. Let Y be the shift orbit of a strictly s-periodic sequence, e.g. 10...0°°. The number of
words of a fixed length never exceeds s in Y. We construct a 0-1 Toeplitz sequence 1 by induction.

Step 1. Choose p,, with s|p,, and find an integer 0 < p} < p,, — 1 such that (s,p]) = 1.
Now fill up the positions —1,0,... ,p,, —pj — 2 with any sequence of 51 = p,,, — p} symbols 0,1
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using both 0 and 1. Then repeat the pattern with period p,, to obtain the p,,-skeleton of 7.
The density of the skeleton is equal to di = (pn, — P})/Pn, SO

pll = (1 - dl)pnl
is the number of holes in each p,,-period. Finally, let

0<er < f(spn,)/2.

Step 2. Choose an integer 32 > s with (s,32) = 1. Fill up the holes in the by consecutive
Dn,-words

77[—Pn170)= 77[07PH1)7 SR 77[(52 - 2)pn17 (52 - 1)pn1)

using all possible words of length p} in Y (words may be repeated). Now repeat the pattern
with period p,,, where ng is chosen sufficiently large to ensure s|Aa, where Ay = pyn,/pn,, and
B2py/Dn, < €1. We obtain the p,,,-skeleton of density da = d1+(1—d1)B2/A2. Clearly do—d; < &3
and the number of holes in each p,,-period equals

Py = (1 = d2)pn, = P (X2 — ()
so (s,ph) = 1. Finally, we choose €5 > 0 such that

S S
51+52<f( pm)7 £2<f( pnz)'
2 2
It is clear how to continue the process by induction. At the end of i-th step we choose €; > 0

to satisfy

f(spnl), ot ...+& < f<8pn2), RN €i<7f(8pm).

2 2 2

We have s|\; where \; = pp,/pn,_,- The density of the p,,-skeleton of 7 is equal to d; =
di—1 + (1 —d;—1)B;/\i, where (; is the number of words of length p,_; in ¥ used—with possible
repetitions—to construct the p,,-skeleton. The condition (s, ;) = 1 implies (s,p}) = 1, where

e1+...+& <

pé = p271()‘i - 51‘)

is the number of holes in the p,,-skeleton. Moreover, d;y1 —d; < ¢; so d — d; < f(spi)/2, where

Denote by G the compact group of (py,)-adic integers. Clearly, G is as a topological group
isomorphic to the group of (p;)-adic integers so to simplify the notation we omit the double
subscripts. It is the maximal equicontinuous factor of O(n) and according to [Wi], Section 4,
there is a bi-measurable mapping ¢ of G x Y onto O(n) such that S o ¢ = ¢ o T, where T is the
piecewise power skew product defined by T'(g,y) = (¢ + 1, 5%9y), with 6(g) = 1 if 0 € Aper(g)
and 0(g) = 0 otherwise (where Aper(g) is the set of those n € Z for which the defining condition
of Toeplitz sequence is not satisfied for w € 771(g) at n).

In other words, T' is the group extension of the rotation (G, ;) by the measurable cocycle
Y : G — Zs =Y defined by ¢(g) = 0if g € n(C) and ¢(g) = 1 otherwise. Here, C = {w :0 ¢
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Aper(g(w))}. More precisely, let G; = {g € G: g1 = ... = g; = 0} and let ki,...,k, be the
places where the holes appear in the p;-period of . Now

G\W(C)zﬂUGiH%j.

i j=1

Moreover, ¢ establishes a one-to-one correspondence between the ergodic invariant measures on
(O(n), S) and the ergodic T-invariant Borel measures on G x Y'; for any fixed invariant measure
¢ becomes a measure theoretic isomorphism of the two systems ([Wi], Theorem 4.5.).

In particular, the strict ergodicity of the flow (O(n), S) will follow once it is shown there is a
unique T-invariant measure on G x Y. Therefore, by a well known result of Furstenberg [Fu],
to get the strict ergodicity, it suffices to prove that T is ergodic for the product measure p on
G x Y (Haar measures on G and Z;). Consequently, as cyclic approximation with sufficiently
good speed implies ergodicity (f(n) < 8/n with § < 4 will do, see [Co-Fo-Si)), the strict ergodicity
will automatically follow from the rest of the theorem.

Now we prove that the skew product group extension (G XY, u, T') admits c.a. with speed f(n).
Fori=1,2,..., we define the partition { = {Co,... ,Csp,—1} of G x Y by letting Cy = G; x {0}

and C; = T/Cy with Ty(g,y) = (g + 1,y + ¥i(g)) where ¢;(g) = 1 if

P}
g c UGl—f—kAj

Jj=1

and 1;(g) = 0 otherwise. Since the number of G;-cosets on which ;(g) = 1 is equal to p; and
(s,p}) = 1, we can see that T; has period sp; and permutes cyclically the elements of &;. It is
now clear that £, — €. To estimate the approximation error we observe that

spi—1

> WTCATCy) = 2p{tp # bi} = 2(d — d;) < f(sps).

J=0

It remains to prove that 1 is a weakly mixing cocycle, i.e., the only eigenvalues of T" are those
occurring in the rotation g — ¢ + 1 of G. These are the numbers of the form exp(2ink/p;). Our
argument will be similar to that of Keane (Lemma 7 in [Ke]). Suppose ¢ is an eigenvalue. Then
it corresponds to an eigenfunction of the form f(g)x(y), where f € L?(G) (in fact f € L>°(G) by
ergodicity) and y is a character of the finite cyclic group Z; =Y. It is now clear that ¢® pertains
to the eigenfunction f*(g)x*(y) = f*(g9) € L*(G). Since T acts as the ergodic rotation by 1 on
L*(G), we obtain ¢* = exp(2ink/p;) for some k and j. Therefore, ( = exp(2imm/sp;) for some
m € Z. Now we write ¢ = (exp(2imm/p;11))*+1/5. By construction, s|\;11 so ( is an eigenvalue
of the rotation ¢ — g + 1, which ends the proof of the theorem. [

Remark 3.1. If s = 2 then the Toeplitz flow constructed above is (measure -theoretically) a Zo-
extension of the rotation (G, 7q). Therefore, by a result of M. Lemaiiczyk ([Le]), if f(n) = o(1/n?)
then our Toeplitz flow is isomorphic to a (generalized) Morse flow. With some care the proof of
Lemanczyk can be improved to obtain o(1/n) implies Morse.

As shown in [Do-Kw-Lal, there exist strictly ergodic Toeplitz flows with positive entropy; this
implies the presence of an infinite Lebesgue multiplicity in the spectrum. On the other hand,
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Toeplitz flows constructed in Theorem 3.1 are strictly ergodic and have simple spectrum with a
highly singular, but nontrivial, continuous part. Besides, there exist strictly ergodic non-regular
Toeplitz flows with purely discrete spectrum ([Do-Iw], Remark 4). This suggests the following
questions.

Questions. Can a strictly ergodic Toeplitz flow have an irrational eigenvalue? Do all eigenvalues
arise from its maximal equicontinuous factor? Is it possible to construct a non-regular strictly
ergodic Toeplitz flow measure-theoretically isomorphic to its maximal equicontinuous factor?
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