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Abstract. We give a dynamical model for generalized Delange-Coquet summa-
tion formulas, extending the concept. The acting semi-group is free with 2 gen-

erators, the action is strictly ergodic and the convergence is uniform.

I. Introduction

Let IN and IN* = IN \ {0} be as usual. Let ¢ > 2 and A, ={0,1,...,¢—1}. If n € IN,
the g-expansion of n is n = Y °( e;(n) - ¢*, where e;(n) € A,. Let A% be the set of words
over alphabet A,. When w € A7, |w| denotes its length. For w # 0l“l and n € IV, let

pu(n) =#{j >0, ej(n)ej1(n) - €jiju—1(n) = w}.
Finally if N € IN*, let S,,(N) = 271272—01 pw(n). This is the so-called Delange-Coquet sum
associated to pattern w in ¢ basis. Using analytic number theory (cf. [Kir|, [Del] or [Coq]),

one has S, (N) = lf:)gg JZ ﬁ + Fw(lﬁ)gg JZ )+ D”J\(,N), where F,, is continuous 1-periodic, and

D,, is bounded periodic.

In the following section, we give a dynamical form to S, (N) (cf. (%)). Lemma 1. is
elementary, but useful in the proof of Theorem 1.. Lemma 2. describes the action for the
strictly ergodic dynamical model. Finally Theorem 1. states the uniform convergence of

the extended sums (cf. (kx)).

I1. The dynamical model
Let G, = lim Z+ be the group of g-adic integers ([He-Ro]). We identify G, to AéN )
%
Then Haar measure h on G, is the product measure of the uniform one on A,. Let

® : IN — Al be such that ®(n) = (e;(n))i>o. Map ® is one to one, hence carries
translation by 1 on IN to a map on ®(IV). With the product topology, it is uniformly

continuous, thus has a unique uniformly continuous extension on ¢(IN) = G ; this is the
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translation 7 by generator 1* = (1,0,0,...). It is strictly ergodic and h-invariant. On G,
define the shift S (also h-invariant) by S(e;)i>0 = (ei+1)i>0 and let the characteristic
function 1,(-) of w be defined by 1,((e;)i>0) = 1 if eg---€jy|—1 = w, 0 otherwise. Let
0* = (0,0,...). Then if w # 0/*l,

(552 /N1
(%) Sw(N) = % > <Z 1w(5i(Tn(o*)))> .
=0 n=0

Lemma 1. For any g € G4, @ € IN, and w € A}, the sequence (1w(.S’i(T”(g))))n>0 is
Ly (S*("(9))) = ¢"-

, it|w|—1
periodic with period ¢*T1*!. Furthermore, >,

Lemma 2. Let K, be the free semi-group with 2 generators. Then it acts freely on Gy,

taking a generator to S and the other to 7. Moreover, the action is strictly ergodic.

Proofs. Lemma 1 is straightforward. For Lemma 2, we shall only sketch it : for instance, let
R : Sor =710S8. To show that R is false on G, we exhibit a subset U(R) of positive Haar
measure in G, such that R is false on U(R); take U(R) = {g = (9¢)1>0 € G¢; g0 = 0}.
The strict ergodicity is evident on compact monothetic group G, with translation by a

generator. [ |

Lemma 1 suggests to extend to arbitrary g € G, the summation process (*) : given
NGW*,gGGq,aHdOSiS[%]’Iet

N-1 [egli-l)
() Cw(N,g,0) = Y 1,(S(7(9))) and Sw(N,g) = Y.  &w(N,g,9).
n=0 =0

Theorem 1. For any w € A} and g € G,

. log q 1
| ———Su(N,g) = — =
N2 Nog N0 N9 = Gl ( /G

1 1
uniformly in g € G,. With g = 0%, it follows that J\;gnoo lc())gg](if Sw(N) = —.



Proof. If 0 < i < [1ogl(01;r;1)] let N — 1= N;¢"t*! + R;, where 0 < R; < ¢*t1*l. Then (cf.

(%)) Niq* < € (N, g,i) < ,w‘ + ¢*. Summing over all 0 < i < [bg(g logN=1)1 ' we deduce
[logl(N—l)} [logl(N—l)] [logl(N—l)]
ogq ) og4q og4q ) 1 10g(N o 1)
N;q' < w(N,g,1 ' —(N-=-1) ([ [———=]+1].
SoNes Y &< | X o+ ) (1)
o T ful
w o8 4 w
- qi+w] 1 — gitlwl q _ (4
Since N;q >N-1—gq , N([log(N_l)] T Z N;¢' > 1 (9(1 gN) and
log g
| | [1051(01;]—1)] ( ) | |
q'" S N—l(logN—l > . q
¢+ +1) | <14 0(——),
NEEE ) | 2 o\ ogg oz
where the constants in the O and O’ do not depend on g € G,. |

Remark. The free action of K3 (Lemma 2.) involves a sequence of "rectangles” (cf. (x)) ; it
satisfies Tempel’man’s conditions except the covering one (cf. [Kre, p. 225]). From Lemma

1. one can see that the shape of these rectangles is necessary in some sense.

Question. Does a dynamical model hold for the summation process in the Fibonnacci
expansion case (cf. [Gr-Li-Ti| and [Gr-Ti]) ?
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