SPECTRAL ISOMORPHISM OF MORSE FLOWS

T. DOWNAROWICZ, J. KWIATKOWSKI, Y. LACROIX

October 28, 1998

INTRODUCTION

Morse flows form a class of group extensions over adding machines. In general,
if (X x G,Ty,v x A) is an ergodic group extension of an ergodic transformation
(X,T,v) (G compact abelian group with Haar measure A and ¢ : X — G a cocycle)
then the space L?(v x \) decomposes into a product of T-invariant subspaces Lgy

where v ranges over the group G dual to G, and L% ={f@~vy:fel?v)}.

If (X, T,v) is a canonical factor of all its group extensions (e.g., if T has discrete
spectrum or if 7" is prime), and two such group extensions are metrically isomorphic,
then there exists a unique group automorphism o of G’, such that the induced
spectral isomorphism sends each L2 to L%('v) ([N], [J-L-M)).

The following question is of our interest: suppose that two ergodic group exten-
sions of the same ergodic transformation are spectrally isomorphic, in this way that
the isomorphism sends each L?y to some Li( ) where 7 is a permutation of G. We
will say that m governs the spectral isomorphism. Under what assumptions can 7w
be chosen a group automorphism?

The group extensions provided by Morse cocycles have two convenient properties:
the spectrum over each Lg is simple, and the corresponding spectral measure is
a generalized Riesz product. Such measures (if they are continuous) are either
equivalent or orthogonal. This implies, that every spectral isomorphism between
Morse flows is governed by a permutation . If both cocycles have simple spectrum,
then 7 is unique, and we can ask whether or not it is a group automorphism. In
the opposite case we can ask about the existence of an automorphism among all
permutations governing spectral isomorphisms between the flows.

In this paper we characterize spectral isomorphism between Morse flows in terms
of combinatorial properties of the defining blocks (Theorem 4), and next we describe
two classes of Morse flows, where the answer to the automorphism problem is always
positive:

(1) G = Z, is the cyclic group of prime order,
(2) G is arbitrary finite and the cocycle has an additional property AS
(in both cases we assume that the cocycle has “bounded lengths”).

Due to the nature of the methods applied, we will concentrate mainly on the the

symbolic representation of Morse flows, rather than the cocycle setup.
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BaAsics

Let us now introduce the basic definitions and facts: as usually, Z denotes the
set of all integers, while N stands for {1,2,3,...}. T denotes the unit circle on the
complex plane, and Z is the conjugate of z.

Let G be a finite abelian group denoted multiplicatively, with unity 1. As usual,
by G we will denote the dual group of G, its elements (characters on G) will be
denoted by the letters v, v/, etc., while vy will denote the trivial character (i.e., the
unity of G).

By a block B of length n € N over G we shall mean a finite sequence B =
(bo, b1, ..., bp_1) € G™. A sequence over G has the form B = (bg, b, ...) € GN. We
say that the block B is symmetric if b; = b,_1_; for each 0 <7 < n.

Definition 1. Let B be a block of length n over G. For 0 < k<n—1land g € G
we denote

1
frp(k,g) = ﬁ#{i 10<i<n—k—1,(b) "bisr = g}

Clearly, frp(0,g) = 1 if ¢ =1 and 0 for other elements g.

Definition 2. Let B = (bg, b1, ...,b,—1) € T", (such B will be called a word). The
aperiodic autocorrelation function of B is defined on {0,1,...,n — 1} by

Pp(k) =

3=

n—k—1
Z bibiyr = Zz frp(k, 2).
i=0

ze€T

Clearly, ®5(0) = 1.

If A denotes a sequence over G (or T) then we define fru(k,g) (and ®4(k)) as
the limit of fra, (k,g) (®a, (k)), where A, is the initial block in A of length n. Of
course, there is no guarantee that such limits exist.

Let B = (bg,b1,...,bn—1) and A = (ag, a1, ..., a;m—1) be two blocks over G. We
define their product as the block B x A = (cp,¢1, .., Cmn—1), by

Cognt = bsag, 0<s<n, 0<t<m.

The above definition can be applied also to the case where A represents a sequence
over G.

The following lemma appears in many variants in the literature (see e.g. [D-L])
and it says that the autocorrelation function of a product of words depends only
on the autocorrelations of the component words.

Lemma 1. Let B = (bo,b1,...,0—1) and A = (ag,a1,...,am—1) be two words (i.e.
blocks over T). For each 0 < s <n and 0 <t < m we have

Ppxa(s+nt) = Pp(s)Pa(t) + Pp(n —s)Pa(t + 1),

(with the convention that ®p(n) =0). O

Remark 1. The same holds true if A represents a sequence over T for which the
autocorrelation function exists.
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Definition 3. Let (B, Bo,...) be a sequence of blocks over a finite group G such
that, for each ¢ € N,

1) the length n, of B, is at least 2, and

2) B,(0) =1.

The (one-sided, generalized) Morse sequence A determined by the sequence of blocks
(By) is defined as the coordinatewise limit of the words A, = By X By X --- X By
(convergence is granted by the condition B,(0) = 1).

Let A be a Morse sequence over G. We define X4 € G” as the set of all bi-
infinite sequences x such that every block appearing in x appears infinitely many
times in A. It is clear that X4 is closed and o-invariant where o is the left shift
transformation

(Jx)n = Tn+1,

(x € G%). The subshift (X 4,0) will be called the Morse flow generated by A (or by
the sequence of blocks (By, Bo, ...)). Morse flows have been extensively studied for
their dynamical and spectral properties. We refer the reader to [G],[J],[K1],[K2],[K-
S],[M]. For us it is important to know the following five facts:

Fact 1. (see [I-L] or [M] for similar statements) A sufficient condition for a Morse
flow generated by a sequence of blocks (B1, Ba, ... ) to be strictly ergodic is that there
exists qo > 1 and €4 > 0 such that for each ¢ > qq

fTAq(l,g) > €4,

for all g € G, where A, denotes the Morse sequence defined by the “truncated”
sequence of blocks (Bq+1, Bg42,...). O

From now on we assume that our Morse sequence A satisfies the condition of

Fact 1. This implies in particular that for every nontrivial character v € G

limsup @44,y (1) <1 —¢&a.
q

for some £4 < 0.

Remark 2. The above is a natural requirement and in most papers on Morse flows
this or similar assumptions are made to ensure ergodicity of the flow and continuity
of the interesting part of the spectrum. Our condition also ensures that the flow
does not reduce to a Morse flow over a subgroup of G.

For spectral description of the Morse flow we need to consider the Hilbert space
L? = L*(v,), where v, is the unique invariant measure on X 4.

Fact 2. We have the following decomposition
2 _ 2
L*= @ Lv’
A/EC?
where L?v is the o-invariant subspace of L? defined by

L2 ={feL?: f(gz) =(9)f(x) for each g € G and x € X4}

(9 is obtained by multiplying all entries of x by g). Moreover, the spectrum of o
on each L?Y 18:
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- simple,

- discrete, if v = o,

- continuous, for nontrivial characters.

The spectral type of o on L% with v # o is the same as that of the spectral measure

H(A,f,) (1ia,y) for short) of the function f. defined by
fy(@) = (o).

O

Recall, that the Fourier coefficients of the spectral measure p (4 ) of a function
feL?are

fan(®) = [ Hauap = [0 o)

If f = f, (v nontrivial) then, by continuity of f, and unique ergodicity, we can
evaluate the integrals by taking averages along the trajectory of the element A. In
this manner we obtain the following equalities:

Fact 3. The Fourier coefficients of the spectral measures ji(4,~) coincide with the
autocorrelations of the sequence obtained from A by applying the character :

fia () = im - S SCAGNAG + 1) = 2,00 (8)
1=0

for each k € N (and the autocorrelation functions exist for each ~ € G’) O

Fact 4. (see [K2] and [C-N] for similar statements) Let A be a Morse sequence
defined by a sequence of blocks (B, Ba,...), satisfying the assumption of Fact 1.
Then, for each nontrivial character v € G and each q € N, the measures pi(a )
and pua, ~) are equivalent (recall that A, denotes the “truncated” Morse sequence

defined by (Bgt1,Bgt2,...)). O

In our study of spectral isomorphisms we will compare the behavior of the Morse
flows defined by two Morse sequences, which we denote by A and A’. In our notation
we will use the convention that all letters with a ’ refer to the objects related to
the Morse flow defined by A’, corresponding to the objects denoted for A by the
same letters without a ’.

Fact 5. [K] Let A and A’ be two Morse sequences over G defined by two sequences

of blocks (By) and (B;)l respectively, with the same structure of lengths (n, = ny
for each q). Let v,y € G. Then the spectral measures ji( 4,y and pi as 4y are either

equivalent or orthogonal. If they are equivalent then

recag,7) — #eagnll — 0,

where || - || denotes the variation norm of measures O

As an immediate consequence of Fact 2 and the first statement of Fact 5 we
obtain the following

Theorem 1. The Morse flows defined by A and A’ are spectrally isomorphic if
and only if there exists a permutation © of G such that w(yo) = Yo, and, for each
v € G, pa) and par x(~)) are equivalent. [J
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SPECTRAL ISOMORPHISM AND AUTOCORRELATIONS

In this section we will show that spectral equivalence between pi(4,,) and pias 41
mentioned in Theorem 1 can be tested by checking the autocorrelations of the
defining blocks B, and By,

Theorem 2. Suppose, with the assumptions of Fact 1, that ji(a) and par ) are
equivalent for some v and ~'. Then

max |, p,)(s) — Py (mr)(s)] — 0,

0<s<ngy
as q tends to infinity.

Proof. The statement holds trivially for v = 7' = . Assume v # 7o (then also
7" # 70). Denote €, = maxyen [Py (a,)(k) — ®+r(ar) (k)| By Fact 3, we have

€q = MAX |4, ) (k) = fgay ) (k)] =

max| [ #da,) = w0 < lca, ) = weagn

By the second statement of Fact 5, we obtain ¢, — 0. On the other hand, using
Lemma 1 for B = v(B,;) and A = vy(A,) (then B x A = v(A4,4-1)) and ¢ = 0, we
have, for every 0 < s < ng,

Dya,-0)(5) = Py(8,)(5) + Py (B, (g = 8)Py(a,)(1), and
Dy(a,0) (g = 8) = Py(,) (g = 5) + Py, () Py(a,) (1),
from which we obtain
Dy(a, 1) (8) = Pyay) ()P4, 1) (g — 5)
1-3,,0)
(by the observation following the statement of Fact 1, for large ¢ the denominator

is bounded away from zero). An analogous formula holds for 7/, B, A;_; and Aj.
Then

P (p,)(s) =

[©(8,)(8) = Lyr(my) (5)] < ng,

where 7, is a converging to zero function of €;,_1,¢€4,&4 and &4 (not depending on
s). This ends the proof. O

Theorem 3. Suppose, with the assumptions of Fact 1, that the lengths ng = n;
are bounded. Then pu .~y and par 4y are equivalent for some v and ' if and only
if there exists qo € N such that

®y8,)(s) = @y (my (9),
for each 0 <'s <ng and q¢ > qo.

Proof. Sufficiency follows from Fact 3 and Fact 4. Necessity is an immediate con-
sequence of Theorem 2 and the observation that now there are only finitely many
words to choose from. [

Remark 3. If the assertion of Theorem 3 holds then, by Lemma 1, it is seen that
D4, = <I>7/(Ag), for ¢ large enough, and hence, by Fact 3, 114, ) = I A7)
Combining Theorem 1 with Theorem 3 we obtain the following characterization

of spectral isomorphisms between Morse flows with bounded lengths of defining
blocks:
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Theorem 4. Let A and A’ be two Morse sequences over G defined by two sequences
of blocks (By) and (By), respectively, with the same structure of bounded lengths
(nq = ny < M for each q). Then the Morse flows defined by A and A’ are spectrally
isomorphic if and only if there exists qo € N and a permutation ™ of G such that
ﬂ.(’YO) = "0, 71-(/7_1> = (ﬂ-(fY))_lf and,

y(B,) = Pr(y)(By)

for each v € G, and q > qo.

Proof. Only the property m(y~1) = (7(7)) ! needs a comment. Obviously, we have
®,-1(,) = Py(B,)- Thus if v and 7(y) satisfies the displayed formula, then the
same holds for y=! and (7())~!. It is now not hard to see that the permutation
can be modified to one that satisfies the required property. [

Remark 4. The question arises: what are the possible pairs of words starting with 1
and having the same autocorrelation functions. Reconstructing a signal from its au-
tocorrelation function is a subject in the field of Information Theory, unfortunately
the “signal” has usually a slightly different setup than our “word”. There are three
natural cases, where two words, say, B and B’ have the same autocorrelations:

(a) B = (bo,b1,...,b—1) and B’ is the “flipped word” B* = (bf, b7, ..., b5 _1), where
b;k = bn—l—ibna

(b) B=C x D and B’ = C x D*,

(¢c) B is a concatenation of products: B = (C; x D)(Cy x D)...(Cy x D), where
C4,Cy, . ..Ck have the same length, and B’ = (Cy x D*)(Cy x D*)...(C) x D*).
However, using a simple computer program, we have found pairs B, B’ not being
flip of each other and whose length is prime (which eliminates any product rep-
resentation like in (b) or (c)). We classify such pairs as (d). The shortest such
examples are over Zs and have length 13:

B =(1,1,1,1,p,p,1,1,p,1,p,p, 1)

B' = (1,1,1,p,p,1,p,p,p, , P, b, 1),

and onother pair:

¢ = (]—apv ]-7 17133 va 1725; 1, 17p7 1)

¢ = (1,p,1,p,p,p, P, 0,0, P, 1,p, 1)

(p denotes the primary root of unity of degree 3). The second pair is more inter-
esting because it does not satisfy the condition SA (see Definition 5 below). There
also exists one example over Zy of length 17.

SPECTRAL ISOMORPHISMS GOVERNED BY A GROUP AUTOMORPHISM

Our main interest is in determining sufficient conditions forcing the permutation
of Theorem 4 to be a group automorphism of G. Of course, if the spectrum is not
simple, then there are many permutations satisfying the assertion. In this case we
are interested to find out whether among all such permutations there exists at least
one group automorphism.

Recall that every group automorphism o : G — G has the form

(9 € G), where v is a group automorphism of G.

The case of Z, for p prime
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Consider the case where G is the cyclic group of roots of unity, denoted by Z,.
First observe that if p < 4 then any permutation preserving the unity and inverse
is an automorphism, and hence every spectral isomorphism between Morse flows
over Z, is governed by a group automorphism. But there are stronger reasons why
the same must hold olso for larger prime numbers p.

Theorem 5. Let Z, be the (additive) cyclic group of order p where p > 2 is prime.
Consider two Morse sequences A, A’ over Z, defined by two sequences of blocks
(By) and (By), with the same structure of bounded lengths. Then the corresponding
Morse flows are spectrally isomorphic if and only if there exists a group automor-
phism v : Zp — Zp such that, for each v € Zp, the spectral measures fi(4,) and
H(A’w(v)) are equivalent. Moreover, possible are only two cases

(A) there are infinitely many numbers q for which the blocks By and B(’I are not
symmetric; then both flows have simple spectrum and the automorphism v is unique,
(B) all blocks B, and By for ¢ > qo are symmelric; then both flows have spectral
multiplicity 2 (except for the discrete part) and there are two such automorphisms,
v and —v.

Proof. Note that Z, = Z,, and each character v on Z, has the form ~,(r) = €,
where € denotes the primary root of unity of degree p, and r,s € Z,. Theorem 4
says that

Dy (By) = Py (B

for ¢ > qo. In this notation we have 7(0) = 0 and w(—s) = —n(s). We can also
assume that 7(1) = 1 (There exists a group automorphism w : Z, — Z, sending 1 to
m(1). The Morse sequence w(A’) is spectrally isomorphic to A via the permutation
7'(s) = w™(m(s)), which clearly satisfies /(1) = 1).

Fix ¢ > qo and let n be the length of B,. Applying the second part of Definition
2, for each 1 <k <n and s € Z, we can write

O, (5, (k)= g, (k1)
€Ly

O gy (k) =Y gy (k7).
rE€Lp

We will prove that
frp,(k,r) =frp, (k,r)

for every r € Z,. Consider the following polynomial of degree p — 1 with rational
coefficients:
W(z) = Z 2 (frp, (k,r) — frp; (k,7)).

0<r<p-—-1

Since (1) = 1, we see that € is one of zeros of this polynomial. On the other hand,
W (z) has a rational zero at 1 (because in each block the sum of frequencies eqals
to 1). This yields that either W (z) = 0 or € is an algebraic number of degree p — 2.
The last possibility contradicts the well known fact that € is an algebraic number
of degree p — 1.

Having established equality of corresponding frequencies in B, and B(’Z7 we Nnow
see that @, (g, )(k) = &, Bé)(k), for every s, which implies that the identity per-
mutation © = id (which obviously is a group automorphism) governs the spectral
isomorphism.
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In order to prove the second part of the theorem, first assume that the identity
is a unique such permutation. Then we conclude that for infinitely many indices
g > qo both blocks By, B(’I are asymetric (if for each g > go at least one of the blocks
By, B; is symmetric then this block, say B, has the same autocorrelations as —B,
hence the permutation —id provides a second possibility.) Moreover, both flows
then have simple spectrum, because otherwise there would be again more than one
permutation. Thus we have the situation as in the assertion (A).

Suppose there exists another permutation m governing the spectral isomorphism.
Let By = (", €™,...,¢™1). For each s we have ®, (g y=® (B). but also, as
proved before, ®, (p,) = (b“/s(BZ;)' Hence, we obtain

Yr(s)

Do (By) = Py (By)-

Let k be the smallest index for which at least one of the exponents rp,r,_1_j is
different from 0. For simplicity of notation, we denote a = ry,b = r,_1_;. We have

@73(551)(71 —1- ]{i) = (st + Z_as),

1
n

1 T(S —a7m(s
(I)%(s)(Bq)(n_l_k):ﬁ(zb ) 4 zmome)y,

We use the following elementary fact concerning unimodular complex numbers: if

21 + 22 = 23 + 24 # 0 then either (21 = z3 and 23 = z4) or (21 = 24 and 29 = 23).
Since in Z, no two numbers add to zero, we must have either

bs = brr(s) and as = an(s)
or

bs = —an(s) and as = —bw(s).

Since either a or b is nonzero, we have 7(s) = s in the first case, and (7(s))? = s?

in the second. The last equation has in Z, two solutions m(s) = =%s.
Since 7 # id, w(s) = —s is valid for some s # 0. Then we have

Cau(By) = Py(By)-
We will prove that B, is symmetric. Suppose the converse, and let k£ be the smallest
index for which a = ry # b=171,_1_§. We have
1 bs —as
(D'ys(Bq)(n_l_k):ﬁ(z + R+ z ),

1 —bs ) as
Oy (n—1=k) = —(z bs LR+ 2%,

where R denotes the part of the formula involving the remaining (outer) terms of
the block. But, by symmetry of the outer part of By, R is a real number, hence, as
before, either

bs = —bs and as = —as
or

bs = as and — as = —bs.
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In either case a = b, a contradiction.

The fact that in the symmetric case the spectral multiplicity is not larger than
2 is now obvious: in the converse case there would exist a third permutation. This
completes the proof of (B). O

Other cases

In the general case we can prove an appropriate positive theorem with some
additional assumptions on the structure of the defining blocks (B,) (we need them
to be non-symmetric in a stronger sense). First we need the following observations:

Let m be any permutation of G. Then 7 can be viewed as a Haar measure
preserving transformation on G. Thus it induces a unitary operator on L2(G).
The characters on G form an orthogonal base in L?(G) and they have the form
d(v) =v(g) (g € G). Developing their images g o 7 in the base we obtain:

(*) gom =" T(h,g)h,

heG

where II is some complex square matrix with rows and columns indexed by the
elements of G.

Lemma 2. Let w be the permutation ofé’ as in Theorem 4. The matrix I1 has the
following properties:

(2) II is unitary,

(”) H(haglg2> = ZeeG H<€791)H(h‘6_1792) (h,g1,gg € G);

(#9¢) TI(1,1) = 1, TI(1,h) =T(h,1) =0 if h # 1,

(iv) M(h,g=") =T(h ™", g) (h.g€G)

Proof. The properties (i) — (i#) follow from the fact that 7 represents a unitary
and multiplicative operator on L2(G). The statements (iii) and (iv) can be easily

derived from the conditions 7(79) = 70 and 7w(y~!) = (7(y))~!. We omit the
detailed calculations. [

Lemma 3. Let A and A’ be as in Theorem 4 and suppose the corresponding Morse
flows are spectrally isomorphic. Then for every ¢ > qo, 0 < k < ng and h € G we
have

frB;(kag) = Z H(hag) fqu(kvh)‘
heG

Proof. Denote for short B = By, B’ = B, and n = n,. By Theorem 4, we have
Cy(B) = Lr(y)(B);

i.e., for every fixed 0 < k < n,

Y o) frp(k.h) = w(3)(9) frp (K, g).

heG geqG

The right hand side can be rewritten as > c;(gom)(7) frp/(k, g). By the formula
(*) it then becomes

MO W(h,g)h(y) frp(k,g) =Y y(h) > T(h,g) frp(k,g)

gEG heG heG geG
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(the equalities hold for each v € ). Viewing the above as a function of the variable
v € G and by uniqueness of the representation in the basis {h : h € G} we obtain
frp(k,h) = 3 e (R, g) frp: (K, g) for each h. Since IT is unitary, II-" = II7, and
the desired equality holds. [

Suppose that II(h,g) = 1 for some h,g € G. Then, by (i), lI(e,g) = 0if e # h
and II(h,e) =0 if e # g.

Definition 4. We say that g € G has the permutation property if II(h,g) = 1 for
some h € G. Then we denote by v(g) the so determined element h.

Lemma 4. The set G, of those g € G which have the permutation property is a
subgroup, and v is a group isomorphism between G, and its image by v.

Proof. By (iii) 1 € G, and by (iv) g € G, = ¢! € G,. It suffices to check
that g1,92 € G, = ¢192 € G, and v(g192) = v(g1)v(g2). Indeed, by (ii)

(h, g192) = Y _ Ti(e, g1)TI(he™", o).
eeG

By the permutation property of g1 and g, the only nonzero summand is where
e = u(g1) and simultaneously he™! = wv(gs). Since nonzero summand exists for
some h, we obtain h = v(g1)v(g2). By uniqueness of such h, II(h, g1g2) = 1, hence
9192 € G, and v(g192) = v(g1)v(g2), as needed. O

We will prove the group automorphism property of spectral isomorphism between
Morse sequences whose defining blocks B), satisfy certain condition of asymmetry.
For a given block B = (bg, b1,...,bn—1) € G™ and 0 < k < n/2 we denote by GkB the
subgroup of G generated by the elements by, by, ...,bx_1,br and their symmetric
correspondents by, —1,bp_2,. .., bp_k,bn_g—1. If kK > n/2 then we put GkB = Gf_l.

Definition 5. We say that a sequence of blocks (By) has property AS if for each
k € Nand g € N at least one of the elements by, b,,—;—1 of B, belongs to the group
G._1 generated by Uq Gkle.

Remark 6. The above class of blocks is quite large. For example, in cyclic groups
it suffices that the last term of the block is a generator.

Theorem 6. Let A and A’ be a pair of spectrally isomorphic Morse sequences
over G, with the same structure of bounded lengths. The number qy is thus given
(see Theorem 4). If (By)g>q0, (07 (Byg)q>q,) has property AS then m is a group
automorphism.

Proof. Suppose (By)q>q, has property AS. We will inductively prove that G}, C G,
and that v(G}) = Gy. Since [,y G}, = G, the automorphism v will eventually
extend to the whole group G.

Step 0
Fix ¢ > ¢qo and denote B = B,, B’ = B(’Z and n = ng. By Theorem 4, for every

~v € G we have @, (g)(n—1) = @ (4)(p)(n—1). By the definition of autocorrelations
this simply means that

bu-1) = 7(3)(Fy_y), for each 7,
i.c., that b/, _, om = b,_1. By the formula (*) we obtain that

(b,_1,b, ;) =1.
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We have proved that b),_; has the permutation property, and v(b),_;) = bnp_1.
Recall that b = by = 1, hence v(b{)) = by. We do so for each ¢ > go. The
application of Lemma 4 yields G C G, and v(Gj) = Go.

Step k
Suppose the statement has been proved for k& — 1. As before, fix ¢ > ¢p and
denote B = By, B' = B, and n = n,. For every v € G we have

CI),Y(B)(TL - k’ — 1) = (I)Tr('y)(B’)(n — k’ — 1),

ie.,

Z’y ) frp( n—k‘—l,g)zZﬂ(’y)(g) frgr(n—k—1,9).

geG geG

The above can be written as

L= > g frgln—k=1,90+ Y (g frs(n—k—1,9) =

g€Gr -1 9¢Gr_1
Yo w9 fren—k—1,9)+ > w(y)(9) frz(n—k—1,9) =R
g€G, 9¢G

Note that if ¢ € G, then, by (¥), o = v(g), and, by Lemma 3, frp (k, g) =
frp(k,v(g)). Thus the first sum of R becomes

Y (vle) fre(n —k —1,0(g),

9€G}

which, by the assumption that v(G)_;) = Gi_1 equals to the first sum of L.
By property AS, the second sum of R consists of at most one summand: either
La(y)(®),_,_1) or %W('y)(b%_lb’nfl); this is best seen if R is written as

1

k—1

1 1 1 1

ﬁﬂ(v) n—k—1 +ﬁz7r bl 2+n k— 1)+57T(’}/)(b2 b;L 1)
i=1

because all elements b}~ lb; +n_k_1 in the central sum belong by definition to Gj,_;.
Letting v = 7o in the expressions L an R, their first sums become the sums of the
corresponding frequencies over G}, _; and G_1, so, by the previous argument, their
common value is either 1 or 1 — % It is now seen that the second sum of L has
as many summands as that of R, i.e., zero or one. The case of zero summands is
trivial. Suppose we have one summand on each side, say L7(v)(g) and 1v(h). Then
m(7v)(g) = v(h) for each 7. As before, by the formula (*) we obtain II(h,g) = 1.
We have proved that g € G,,, and v(g) = h. We do so for each g > gg. So obtained
elements g, exhaust all new elements generating G, and Gj, (“new” means not in
G)._), and h, exhaust all new elements generating G. The application of Lemma 4
yields G}, € G, and v(G},) = G;. O
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